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I 
Abstract 
Laminated carbon fibre-reinforced polymer (CFRP) composites are already well 
established in structural applications where high specific strength and stiffness are 
required. Damage in these laminates is usually localised and may involve numerous 
mechanisms, such as matrix cracking, laminate delamination, fibre debonding or 
fibre breakage. Microstructures in CFRPs are non-uniform and irregular, resulting in 
an element of randomness in the localised damage.  This may in turn affect the 
global properties and failure parameters of components made of CFRPs. This raises 
the question of whether the inherent stochasticity of localised damage is of 
significance for application of such materials. 
This PhD project is aimed at developing numerical models to analyze the effect of 
material randomness on delamination damage in CFRP materials by the 
implementation of the cohesive-zone model (CZM) within the framework of the 
finite-element (FE) method. Both the unidirectional and cross-ply laminates 
subjected to quasi-static loading conditions were studied.   
The initiation and propagation in delamination of unidirectional CFRP laminates 
were analyzed.  The CZM was used to simulate the progress of that failure 
mechanism in a pre-cracked double-cantilever beam (DCB) specimen loaded under 
mode-I employing initially, a two-dimensional FE model. Model validation was then 
carried out comparing the numerical results with experimental data. The inherent 
microstructural stochasticity of CFRP laminates was accounted for in the 
simulations, and various statistical realizations for a half-scatter of 50% of fracture 
energy were performed, based on the approximation of that parameter with the 
Weibull’s two-parameter probability density function. More detailed analyses were 
undertaken employing three-dimensional DCB models, and a number of statistical 
realizations based on variation of fracture energy were presented. In contrast to the 
results of two-dimensional analyses, simulations with 3D models demonstrated a 
lower load-bearing capacity for most of the random models as compared to the 
 
II 
deterministic model with uniform material properties. The damaged area and the 
crack lengths in laminates were analyzed, and the results showed higher values of 
those parameters for random realizations compared to the uniform case for the 
same levels of applied displacement.  
The effect of material randomness on delamination in CFRP cross-ply laminates was 
also investigated. Initially, two-dimensional finite-element analyses were carried 
out to study the effect of microstructural randomness in a cross-ply laminate under 
bending with the direct introduction of matrix cracks with varying spacings and 
delamination zones. A considerable variation in the stiffness for cases with different 
crack spacings suggested that the assumption of averaged distributions of defects 
can lead to unreliable predictions of structural response. 
Three-dimensional uniform, deterministic cross-ply laminate models subjected to a 
tensile load were analyzed to study the delamination initiation and propagation 
from the tips of a pre-existing matrix crack. The material’s stochasticity was then 
introduced, and a number of random statistical realizations were analyzed. It was 
observed that by neglecting the inherent material randomness of CFRP laminates, 
the initiation conditions for delamination as well as the character of its propagation 
cannot be properly detected and studied. For instance, the delamination crack 
length value for all the simulated random statistical realizations predicted its higher 
magnitudes compared to the uniform (deterministic) case for the same value of 
applied strain. Furthermore, the location of delamination initiation was shown to be 
different for different random statistical realizations. Another aspect, emphasizing 
the importance of microstructural randomness, was the scatter in the magnitudes 
of global strain at the instance of initiation and subsequent propagation of 
delamination. 
In summary, the material randomness in CFRPs can induce randomness in localised 
damage and it can affect the global properties of laminates and critical failure 
parameters. These effects can be investigated computationally through the use of 
stochastic cohesive-zone elements. 
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1 
Chapter 1: Introduction 
1.1 Background 
Due to their high specific strength and stiffness, fibre-reinforced composite 
materials are being increasingly used in structural applications where a high level of 
performance is important, e.g. in aerospace, automotive and offshore structures. 
Performance in service of these composites is affected by multi-mechanism damage 
evolution, which is dependent on the loading and environmental conditions. The 
particular damage mechanisms also depend on the lay-up and stacking sequence of 
the composite. These damage mechanisms can result in significant deterioration of 
the residual stiffness and load-bearing capacity of composite components and for 
effective predictive capabilities, all failure mechanisms should be thoroughly 
investigated. 
In fibre-reinforced laminates, delamination between plies is one of the most 
common forms of damage because of the relatively low interlaminar strengths of 
such composites. The nature of the delamination process is complex, presupposing 
the use of advanced FE modelling techniques for its analysis. Simulations based on 
the failure mechanisms should have the capability of predicting the initiation, size 
and propagation of delamination. Another important factor affecting this damage 
mechanism is the effect of microstructural randomness on the delamination 
behaviour in CFRP laminates. One of the main challenges in solid mechanics is a 
transition from a heterogeneous microstructure to an approximating continuum 
model. Most of the analyses of fibre-reinforced composite materials operate in a 
deterministic way, i.e., using assumption of an ordered (deterministic) distribution 
of fibres. In reality, the microstructure of carbon fibre-reinforced composites is far 
from ordered, as the fibres are usually randomly distributed in the matrix. 
A lot of work has been undertaken for analysis of various damage mechanisms in 
CFRP laminates. The microstructurally random nature of such materials and the 
effect of this randomness on the damage mechanisms, encountered by these 
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laminates is an area that has not received attention in the past. Based on this , the 
aim and objectives of this PhD project were decided, and are presented in the 
following section. 
1.2 Aim and objectives 
This PhD project is aimed at developing numerical models to analyze the effect of 
material randomness on delamination damage in carbon fibre-reinforced composite 
materials by the implementation of a cohesive-zone model in the finite-element 
method. To accomplish this aim, the following objectives were identified: 
 Finite-element analysis of delamination in CFRP unidirectional laminates 
using a two-dimensional double-cantilever beam (DCB) model assuming 
uniform/deterministic fracture properties and its validation. 
 Comparison of the two-dimensional DCB FE model with a three-dimensional 
FE model through the analysis of delamination initiation and propagation 
based on uniform (deterministic) models 
 Accounting for material randomness in both two- and three-dimensional FE 
models of DCB and investigating the effect of this randomness on 
delamination in the laminates by simulating a number of statistical 
realizations. 
 Simulating delamination initiation and evolution in CFRP cross-ply laminates 
subjected to tension and studying the effect of material’s randomness on 
delamination by performing simulations of a number of statistical 
realizations. 
 Analysis of the output statistics for different parameters for both the 
unidirectional and cross-ply laminate specimens. 
To the author’s knowledge, the problem of delamination initiation and propagation 
taking into account the material’s randomness exhibited by CFRP laminates has not 
been previously addressed. An overall plan of the work undertaken is presented in 
the flow chart in Fig. 1.1. 
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Fig. 1.1 Overall research methodology for the project 
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1.3 Thesis outline 
The thesis is divided into 8 chapters; summary of these chapters follows. 
Chapter 2: Literature review  
This chapter is focussed on reviewing the available research in the areas relevant to 
this project. An introduction to composite materials and a discussion of damage in 
laminated composites is provided. This is followed by a review of analysis methods 
employed to study failure, in particular delamination, in laminates. The cohesive-
zone model, and its applicability to the analysis of delamination in CFRP laminates, 
is also explained, before, describing the material’s randomness exhibited by such 
laminates and its effect on the course of damage initiation and propagation.  
Chapter 3: Modelling methodology and techniques  
The aim of this chapter is to explain and justify the basic modelling techniques used 
throughout the project. Various aspects of the cohesive-zone modelling technique, 
from basic parameters to its implementation using the finite-element method, are 
explained. An insight into the considerations and assumptions used to achieve 
computationally viable solutions for damage in real CFRP laminates is also 
presented. The capability of the employed finite-element software, MSC Marc, to 
simulate the problem of damage in CFRP laminates, is also discussed. Special 
attention is paid to the selection of elements from the element library, based on the 
formulation of the elements and their capability to model degradation due to 
damage in the laminates under study. In addition, various points, such as solvers for 
the solution, the residual tolerance values and the viscous dissipation requirements, 
are discussed. 
Chapter 4: Finite-element analysis of CFRP UD laminates: Uniform models  
This chapter is dedicated to the study of a delamination initiation and propagation 
behaviour in a unidirectional CFRP laminates using cohesive-zone elements within 
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the FEA framework.  The finite-element, cohesive-zone model was used to simulate 
the progress of fracture in a pre-cracked double cantilever beam (DCB) specimen 
loaded under mode-I conditions. Both the two- and three-dimensional finite-
element models were developed and analysed. Several studies were carried out to 
underline the sensitivity of the analyses to varying mesh densities. 
Chapter 5: Effect of material randomness on delamination in UD laminates  
This chapter covers the numerical study of the effect of material’s randomness on 
delamination failure in CFRP laminated composites. That effect on the delamination 
behaviour of unidirectional composites was analysed through the introduction of 
random fracture properties within the layer of cohesive elements in a DCB 
specimen. Two different methodologies were adopted for the analysis; there results 
were compared and analyzed. 
Chapter 6: Effect of material randomness on initiation and propagation of 
delamination in cross-ply laminates  
The initiation and evolution of delamination in CFRP cross-ply laminates under 
quasi-static tensile loading is presented in this chapter. In the first part, the analysis 
of pre-existing matrix cracks in the CFRP cross-ply laminate specimens under 
bending load is presented. The effects of various crack spacings on the effective 
moduli and damage in the beams are studied. The second part of the chapter is 
focussed on the analysis of interaction between matrix cracking and delamination in 
[0/902]s CFRP cross-ply laminates under quasi-static tensile loading. The initiation 
and growth of delamination from the tips of matrix cracks was investigated 
employing three-dimensional FE models. Cohesive-zone elements were introduced 
into the CFRP cross-ply specimens and analyses carried out using finite-element 
simulations. Furthermore, the issue of microstructural randomness and its effect on 
damage in such laminates was extensively analyzed. 
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Chapter 7: Conclusions and Future work 
This final chapter focuses on presenting the major conclusions deduced from the 
work carried out in the project. Some suggestions for future work in this area are 
also presented.  
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Chapter 2: Literature review 
2.1 Introduction 
In the previous chapter, it was stated that the main objective of the present work is 
the study of the effect of microstructural randomness on delamination initiation 
and propagation in CFRP laminates subjected to quasi-static loading conditions. 
However, before addressing this problem, it is necessary to provide an introduction 
to the laminated composite materials and their failure mechanisms. This is followed 
by an in depth study of the principles of delamination mechanics, the onset and 
propagation of interlaminar cracks, the interaction of delamination with matrix 
cracking (another failure mechanism in laminated composites), and an account of 
material randomness at the microstructural level. Whilst an attempt is made to 
present an overview of these areas of research, the main focus is on the materials 
and methods used in the current work and justification of the employed methods. 
This chapter starts with an introduction to composite materials and a discussion of 
damage in the laminated composites, followed by the analysis methods employed 
to study their failure, in particular, delamination. Cohesive-zone modelling and its 
applicability to the analysis of delamination in CFRP laminates is then explained 
before finally describing the microstructural randomness exhibited by CFRP 
laminates and its effect on the course of damage initiation and propagation.  
2.2 Composite materials 
The drive for improved structural performance has led to the development of 
lighter, stronger materials. Properties such as strength, stiffness, environmental 
resistance, damage tolerance and creep resistance can be tailored in a composite by 
purpose-oriented selection of the form, orientation and quantity of the multiple 
constituents. 
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Composites are a type of materials having more than one constituents, in which the 
distribution of different constituents and geometry is controlled in an effort to 
optimize one or more of their properties. One constituent, named the matrix, is 
usually continuous while another constituent is called reinforcement [1]. The matrix 
typically: 
 is more compliant than the other constituents (i.e. reinforcement), 
 is tougher than the other constituents, 
 supports and binds the reinforcement together, 
 provides environmental protection for the reinforcement, 
 transmits load from one piece of reinforcement to the other (usually by 
shear), and 
 carries the shear stresses in the composite. 
The reinforcement is distributed within the matrix and is often fibrous or 
particulate. This distributed constituent is normally stiffer and stronger than the 
matrix, hence, providing the composite with high stiffness and strength properties 
[1]. 
Looking broadly, the description of a composite simply as a multi-constituent 
material applies to a vast range of materials. However, the materials studied here 
are fibre-reinforced composites, the structural systems involving a matrix of one 
type of material, reinforced with a fibrous form of another material. The ensuing 
material has greatly improved, desired properties compared to the individual 
constituents. Advanced composites include high-modulus, high strength fibres such 
as graphite, boron, high tensile glass, ceramic and aramid used in conjunction with 
polyester/vinyl-ester, epoxy, ceramic and metal matrices [1]. 
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2.2.1 Classification of composite materials 
The four major categories of composite materials based on their constituent 
materials are [2]: 
 polymer-matrix composites (PMCs), 
 metal-matrix composites (MMCs), 
 ceramic-matrix composites (CMCs), and 
 carbon-carbon composites (CCCs). 
Presently, polymer matrix composites are one of the most extensively used group of 
composites. However, there are important applications of the other types, for 
example, carbon-carbon composites, where carbon fibre reinforcement is used in a 
graphite matrix, are used for the nose cone and wing leading edges of the Space 
Shuttle. Ceramic-matrix composites find their applications in severe environments 
such as rocket and jet engines and gas turbines. 
Polymer matrix composites, which obtain their strength and stiffness from the 
fibrous reinforcement, are typically strongly anisotropic. These materials have low 
stiffness in directions that are perpendicular to fibre directions and planes that are 
not intersected by fibres (sometimes called matrix-dominated directions and 
properties) [2]. Examples are transverse directions in unidirectional composites and 
interlaminar planes in laminates. As a consequence of the low transverse and 
through-thickness strengths of polymer matrix composites, unidirectional laminates 
are rarely used in structural applications. Owing to the anisotropy of such 
laminates, that influences practically all aspects of their design and analysis, 
including deflections, natural frequencies, buckling loads, and failure modes, 
isotropic analytical methods cannot be employed for their design and analysis. 
Laminated fibre-reinforced composites have attracted researchers for many years 
due to their high strength-to-weight and stiffness-to-weight ratios and the fact that 
directionality of their mechanical properties can be tailored to meet the 
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requirements of various engineering applications. One of the key features of this 
material class is their damage initiation and propagation behaviour which, in 
contrast to monolithic materials, is spatially distributed and a result of various 
damage modes [3]. Damage accumulation in fibre-reinforced laminated composites 
is a complicated, progressive failure phenomenon [4]. The damage entails multiple 
fracture mechanisms such as; matrix cracking, delamination between the layers, 
and fibre breakage. The damage in such composite materials affects the mechanical 
properties and, subsequently, their response to external loads. In structural 
applications of composites, it is therefore essential that the accumulated damage is 
detected and the consequences of such damage on response and failure of the 
structures are determined. 
2.3 Damage in laminated composites 
A characteristic difference between fibre-reinforced composite materials and 
conventional metallic materials is in their failure mechanisms. Failure, by and large, 
is an outcome of a progressive process in composite materials. Often, an ample 
margin has been witnessed in composite materials between the first incidents of 
failure and an ultimate one. Due to this progressive nature, damage is treated as 
one of the pivotal concerns in the application of composite materials [5].  
Laminated composites materials are tailored in order to take advantage of their 
high in-plane tensile strength. Minimization of through-thickness stresses is a 
critical design consideration as the through-thickness strengths of such materials 
are in most cases very low compared to the in-plane tensile strength. Interlaminar 
stresses arise from a variety of sources; e.g. out-of-plane loads, curvature, stress 
waves from impact loads and free-edge effects. 
The general response of laminated composites subjected to an in-plane tensile 
stress is much more complex than that of isotropic materials. For an arbitrary 
laminate, in the most generalized case, this stress will produce not only extension 
(along the load application axis) and lateral contraction, but also bending, twisting, 
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and in-plane shear deformation. To minimize coupling between these effects, 
laminates are usually designed to be balanced and symmetric. A balanced laminate 
is one for which the directions of the layers above the mid-plane are a mirror image 
of those below it. Typical examples of such laminates are unidirectional and cross-
ply laminates. In the present work, both of these types of laminates will be studied, 
and the course of damage initiation and propagation in them under quasi-static 
loading will be analysed and discussed. Various damage mechanisms encountered 
by such laminates and some of the earlier contributions in this context are first 
discussed in the following section. 
2.3.1 Damage mechanisms in laminated composite materials 
The fracture process of high performance composite laminates is quite complex, 
involving both intralaminar damage mechanisms (e.g. matrix cracking, fibre 
fracture) and interlaminar damage mechanism (delamination). Models predicting 
failure in the laminated composites can be divided into those treating in-plane 
mechanisms and out-of-plane mechanisms. For in-plane failure, a range of models 
have been proposed, based on material property degradation, in an effort to 
describe the load redistribution associated with damage accumulation [6-9]. A 
classical laminate theory having the same assumptions as the classical plate theory 
(so called Kirchhoff hypothesis), can be employed to determine the in-plane stress 
state, and then the stresses/strains can be used to evaluate failure criteria for 
different possible failure mechanisms at different points of interest in a material. 
Main assumptions of Kirchhoff hypothesis from the point of view of laminates are: 
i. Each lamina is under a plane stress state. 
ii. Normal for the undeformed mid-surface remains normal to the deformed 
mid surface. 
iii. Normal undergoes no deformation, neither lengthening nor shortening. 
The failure criteria are usually calibrated by experiments. Once a failure criterion is 
met, the material properties at that point are adjusted to reflect the local loss of 
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load-bearing capability and an iteration of the computation predicts the re-
distributed stresses and/or strains. The process is repeated until load redistribution 
is not possible any more, i.e., the calculations converge to a stable damage state. 
When carbon fibre-reinforced cross-ply laminates are subjected to mechanical 
loading, different failure modes can occur, e.g. transverse matrix cracking in 90o 
plies, delamination between 0o and 90o plies, longitudinal matrix cracking in the 
fibre direction of 0o plies and fibre fracture in 0o plies. Three out of these four major 
damage modes are primarily in-plane damage events, because they 
characteristically occur in individual plies and are associated mostly with in-plane 
stresses [10]. Delamination mode is an out-of-plane damage mode and its evolution 
is dictated by the interlaminar stresses [11]. 
In case of uniaxial loading, the early stage of damage is dominated by transverse 
matrix cracking in 90o plies (Fig. 2.1). Matrix cracks develop in the fibre direction 
and extend across the laminates from the free edges of the tested specimen. The 
analysis of transverse matrix cracking is important since it reduces the effective 
strength and stiffness of laminates; it also makes the ingress of moisture or other 
detrimental fluids easier [10]. Matrix cracks are initiation points for a cascade of 
events that lead to failure; hence, understanding matrix cracking is necessary for 
predicting long-term durability. 
 
Fig. 2.1 Fracture mechanisms in a cross-ply laminate under tension 
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Transverse cracks induce local stress concentrations at their tips and can involve 
significant interlaminar delamination between 0o and 90o plies, according to the 
nature of cross-ply laminates. Longitudinal matrix cracking and fibre fracture in 0o 
plies are only induced by high loads in the case of monotonic loading or at large 
cycle numbers in the case of fatigue loading. Transverse matrix cracking in 90o plies 
leads to load redistribution in the adjacent 0o plies [10]. 
It has been widely recognized that stiffness changes during the service loading of 
laminated composites can be very important, particularly since these changes affect 
deflections, dimensional changes, vibration characteristics, and load or stress 
distributions [7-8, 12-13]. Numerous failure modes can be identified in fibre- 
reinforced composite materials that cause a stiffness change to various extents. The 
failure mode that usually occurs quite early in the life of a composite structure is 
matrix cracking which is one of the matrix-dominated failure modes. Matrix 
cracking is an intra-laminar failure mode and can prove detrimental to the structural 
integrity of laminated composites. This is because matrix cracking results in 
redistribution of the layer stresses and can initiate other damage developments, 
such as; delamination between the layers, fibre failure and crack coupling, which 
can affect the stiffness reduction of laminated composites [14]. These cracks appear 
at much lower stress levels than those predicted by classical laminate theory and 
the first-ply failure criterion. 
Matrix cracking – Relevant literature 
Due to the implications of matrix cracking, its comprehensive understanding is 
important to the structural design and improvement of the integrity of laminated 
composite structures. A number of researchers have studied this problem in order 
to understand and predict the transverse cracking behaviour and its effects on the 
stiffness reduction of laminated composites [8, 13-22]. In one such study, tests were 
performed by  Garrett and Bailey [14] on specimens of a cross-ply glass-reinforced 
polyester material subjected to tension in a direction parallel to one of the 90° 
directions of reinforcement. Different transverse-ply thicknesses were used, and 
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the results of crack spacing were plotted against the applied stress. They showed 
that transverse-crack spacing demonstrated a decreasing trend with increasing 
applied stress and an increasing trend with the increase in transverse ply thickness. 
It was shown by experimental investigations that the thickness of the transverse 
layer influences the matrix cracking process, i.e., the inception of a transverse crack, 
multiple transverse cracking [15] and its effects on the stiffness reduction of 
laminates.  
Numerous analytical models have been proposed to predict accumulated matrix 
cracking in laminated composites. A shear-lag analysis was first used by Highsmith 
and Reifsnider [8] for predicting the stiffness reduction of cross-ply laminates due to 
matrix cracking. Lim and Hong [13] adopted a modified shear-lag analysis, taking 
into account the concepts of interlaminar shear layer and an energy criterion to 
predict the progressive matrix cracking as well as the stiffness reduction in cross-ply 
laminates. By extending the concept, a two-dimensional shear lag analysis was 
adopted by Flaggs [16].  Nuismer and Tan [17] proposed an analytical method based 
on a two-dimensional elasticity theory to model progressive matrix cracking. Hashin 
[18] proposed an analytical model based on the complementary energy principle to 
predict stiffness degradation due to matrix cracking in cross-ply laminates. 
Based on Continuum Damage Mechanics, Talreja [19] first proposed a continuum 
model which described internal damage in composites by defining a field of internal 
state variables. Analytical methods with a capability of predicting the stress transfer 
between the 0o and 90o plies in a [0o/90o/0o] cross-ply laminate containing 
transverse cracks were developed by McCartney [22]. Smith and Ogin [20] 
presented a one-dimensional analysis of a laminate having a cross-ply lay-up, 
containing cracked transverse plies, loaded in flexure by employing the bending 
theory in conjunction with a shear-lag analysis. The aim was to calculate the 
degraded longitudinal modulus of a cracked transverse ply, enabling the flexural 
modulus of the laminate to be determined. Transverse ply cracking in cross-ply CFRP 
laminates under quasi-static loading for laminates with varying ply thicknesses was 
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presented by Boniface et al  [21]. The initiation as well as the evolution phases of 
the cracking, were analyzed. Both the un-cracked and cracked specimens were 
studied, and nearly the same strain level was observed for fully-formed transverse 
cracks in laminates with thin transverse plies (less than 0.25 mm) in both the 
undamaged and notched laminates, while for laminates with thicker transverse plies 
a lower value of strain was observed for fully-formed transverse cracks in notched 
laminates than in the undamaged laminates. It was shown that for laminates with 
thick transverse plies the fracture mechanics models assuming the presence of 
initial defects underestimate the failure strain. 
Delamination – Relevant literature 
Delamination is another typical mode of damage in laminated composites that has 
attracted a considerable amount of attention. Delamination can arise from the 
mismatch of the Poisson’s ratios and in-plane shear stiffness and differences in the 
coefficients of thermal and moisture expansion between differently oriented plies 
of a laminate. As a result of these differences, interlaminar stresses arise in order to 
keep the system in a state of equilibrium and kinematic compatibility. The presence 
of delamination; initiated by interlaminar stresses, causes redistribution of stresses 
among the plies in the laminate. Thus, it usually results in a reduction of stiffness 
and strength [23]. 
The delamination problem has also been subjected to a widespread investigation 
and many works have been published addressing this failure mode. Since 
delamination is often embedded within a composite structure, it may easily escape 
detection and so is very insidious. Interlaminar delamination may develop under 
tensile loads without being detected because it does not affect the in-plane tensile 
properties. However, it may significantly reduce the compressive strength if the 
same component is subjected to compression. Owing to this uncertainty associated 
with delamination, many research works have been focussed on it, as summarized 
in a number of review articles. Works of particular importance are mentioned in the 
following. Garg [24] reviewed the research progress in this area in the 1970s and 
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1980s. Pagano and Schoeppner [25] provided critical reviews, especially of the 
methods used in the pioneering works on delamination. More recently, Tay [26] has 
published a review of advances in modelling buckling-driven delaminations from 
1990 to 2001. A more detailed review of the work by a number of researchers in the 
area of delamination analysis of CFRP laminates is given in Section 2.8.5. 
A final consideration is that of fibre fracture in the laminates. The initiation of fibre 
fracture is often considered as the ultimate failure mode of the laminate, as a 
drastic reduction in the load-carrying capacity occurs at this stage. Conventional 
failure criteria are usually sufficient to predict it. However, in most applications, 
other modes of damage may have emerged and developed before occurrence of 
fibre fracture. An accurate prediction of fibre fracture as the decisive failure of the 
laminate often depends on modelling the progressive development of all modes of 
damage, such as transverse matrix cracking and delamination, as well as their 
interactions. The complex interaction of these damage modes, which directs the 
macroscopic mechanical response of the structure, relies on the constituent 
materials, stacking sequence, geometry and loading configuration. For example, 
during the stable growth of damage zones preceding the final, catastrophic failure, 
local changes in material stiffness due to strain weakening and the formation of 
new free surfaces of subcritical cracks will alter the load paths and result in load 
redistributions. The combined effects of the competing damage processes generally 
lead to nonlinearity in macroscopic stress-strain curves [11]. 
For laminated composites, attention is mainly paid to the matrix cracking and 
delamination mechanisms of damage. The whole process of deformation and 
damage may well be dominated by one of the mechanisms, depending on the 
nature of material, structure and loading conditions. In some cases, the interaction 
between different mechanisms might push the course of further growth of the 
damage process. To address and analyze these mechanisms of damage, different 
models are required in general, emphasizing the main difficulty in the modelling 
and simulation of the damage in laminated composites. 
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Various models and simulation approaches have been developed to study the link 
between matrix cracking and delamination. Wang et al. [27] carried out a three-
dimensional finite-element analysis of CFRP cross-ply laminates in order to calculate 
the energy released as the delamination grows. Two types of delamination were 
considered, i.e. delamination initiating from the intersection of the transverse 
cracks and the free edges of the laminate, and delamination initiating from the 
intersection of transverse cracks and splits in the 0° layers. The results obtained by 
them were in a qualitative agreement with experimental results. Another work was 
presented by Takeda and Ogihara [9], in which analysis of the initiation and 
propagation of delamination from the tips of the transverse cracks in carbon fibre-
reinforced cross-ply laminates was carried out. A damage progression model was 
suggested that included the effects of transverse crack density and of the 
delamination growth considering interaction between transverse cracks and 
delaminations. The need to account for the interaction of transverse cracks and 
delamination in evaluation of the reduction in the Young’s modulus and the 
permanent strain induced by the damage development was emphasized. Wisnom 
and Chang [28] addressed the issue of the development of delamination in a cross-
ply laminate with a centre crack loaded in tension, employing the finite-element 
method making and using interface elements. Comparisons with the experimental 
results accurately predicted the development of a narrow triangular delamination 
zone and the extent of splitting as a function of applied tensile stresses. This 
approach allowed appropriate representation of the effect of damage in 
redistributions around areas of stress concentration and also provided a possibility 
for improved simulation and understanding of the complex failure processes in 
notched composites. An analytical model, based on the principle of minimum 
potential energy, which states that of all displacements satisfying the given 
boundary conditions, those which satisfy the equilibrium equations, make the 
potential energy an absolute minimum, was presented by Dharani et al. [12]. In this 
work, the formation of transverse cracks in the o90  plies with delamination at the 
o o0 / 90 interface for o om n s[0 / 90 ]  laminates was analyzed. The specimen was loaded 
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by longitudinal tensile loading and thermal residual stresses. It was inferred that the 
tendency for transverse crack multiplication decreases as longitudinal tensile stress 
in the o90  plies decreases, caused by the increase in the transverse crack density. 
Also for a given laminate configuration, a saturation stage for the crack density 
exists. If the structure is loaded beyond this limit, the delamination is triggered at 
the o o0 / 90 interface. For the extension of delamination, a comparatively higher 
stress level is required when the delamination length approaches the transverse 
crack spacing.  It was suggested by Hallett et al. [29] that in order to obtain reliable 
failure predictions for laminates, it is essential to consider the interaction between 
delaminations and matrix cracks in detail. The authors implemented an interface 
element analysis approach to predict these failure mechanisms and the associated 
stresses in quasi-isotropic laminates by carrying out a series of tensile tests. The 
matrix cracks were introduced at the locations observed in the experiments, which 
acted as notches, while interface elements were embedded at potential locations of 
delamination development. The experimental results in this work showed the 
influence of matrix cracking and delamination and the interaction between them. In 
another contribution, Hallett et al. [30]  presented their analysis (both experimental 
and numerical) of the damage mechanisms in CFRP laminates containing circular 
holes. The effect of the hole size on the tensile strength was investigated, showing a 
large difference both in failure stress and mechanisms due to changes in test 
configuration. Experimental testing on those laminate specimens revealed the 
damage evolution with an increase in the applied load. Finite-element simulations 
were also performed using cohesive elements and these were in agreement with 
the experimental results. The crucial damage event observed in both cases was the 
localised delamination at the hole edge.  
Thus matrix cracking and delamination, being the major and most common damage 
mechanisms in CFRP laminates, interact with each other and can cause early or 
premature failures of laminates. Matrix cracks are responsible for delamination 
initiation, and such interaction can be modelled and simulated using progressive 
damage models. 
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In the following section, the main methods for modelling and analysing the 
behaviour of structures having cracks are first presented before moving to the 
review of the work available related to the failure and damage behaviour of CFRP 
laminated composites. 
2.4 Modelling damage in laminated composites 
Some of the available methods used in the design and analysis of laminated 
composites and their capabilities are presented in this section. 
2.4.1 Fracture mechanics 
The field of fracture mechanics is concerned with the quantitative description of the 
mechanical state of a deformable body containing a crack or a system of cracks, 
with an aim to characterize and measure the resistance of materials to crack growth 
[31]. 
Interior and surface flaws can be found in most materials and structures and can 
arise from the manufacturing processes. Not all such flaws are unstable (i.e. cracks 
having tendency to grow) under service conditions. Fracture mechanics is aimed at 
analyzing whether a flaw is stable (i.e., will not grow) or can propagate as a crack 
and, consequently, cause failure of the flawed structure. 
Fracture mechanics as a method of predicting failure in structures containing cracks 
or the evaluation of strength of cracked structures, has been a very important tool 
for improving the mechanical performance of materials and structures. It employs 
methods of analytical Mechanics of Solids for the purpose of calculating the driving 
force on a crack and those of experimental Mechanics of Solids for characterization 
of a material's resistance to fracture. 
In order to apply the fracture mechanics approach to predict failure, the following 
information is required: 
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 Size and shape of the structure, 
 Loads applied to the structure, 
 Residual stresses (if any), 
 Size, shape, location and orientation of the crack. 
The need to explore the nature and consequences of initial cracking dictated the 
development of fracture mechanics. This cannot be achieved only by knowing the 
distribution of internal stresses in a body, but there is also a requirement of finding 
the permissible or the ultimate stress level at which fracture is initiated and also the 
length (and perhaps the trajectory) of the crack as a result of applied external 
loading. The solution of equations of classical elasticity theory, unfortunately, 
cannot provide these data. These equations can merely answer the question on the 
distribution of the arising stresses and deformations. 
Modes of deformation of a cracked body 
Fracture in structures is associated with the stress distributions arising near the 
crack tip, and consequently, to the type of their loading. To study the behaviour of 
deformation of a cracked body, it is imperative to have knowledge of the modes of 
deformation. The geometrical separation in a cracked body is designated by the 
fracture modes. A cracked body/structure has three modes of deformation 
characterized by the movements of the upper and lower crack surfaces ( see Fig. 2.2 
[32]). These are: 
a. Opening mode (mode I), where two crack faces are pulled apart and are 
separated in the direction normal to the crack plane; 
b. Sliding or Shearing mode (mode II), in which two crack surfaces slide over 
each other along the crack line; and 
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c. Tearing anti-plane shear mode (mode III), where the crack surfaces slide 
over each other perpendicular to the crack line. 
 
Fig. 2.2 Modes of deformation of a cracked body 
Cracks and flaws may seriously degrade the structural integrity, life expectancy and 
performance of a structure. As a result, techniques for the early detection of these 
defects are of practical importance. Some of the pioneering and widely used 
techniques will be discussed next. 
2.4.1.1 Linear elastic fracture mechanics  
Linear Elastic Fracture Mechanics (LEFM) was introduced with a view to study and 
analyze the relationship between stresses, cracks, and fracture toughness. LEFM 
assumes that the material is isotropic and linear elastic. On the basis of these 
assumptions, the stress field near the crack tip is calculated by means of the theory 
of elasticity. The condition for crack growth is met when the stresses near the crack 
tip result in the level of the stress intensity factor (SIF) that exceeds the material 
fracture toughness. This level is known as the critical stress intensity factor and is 
measured in experiments. 
The original concept of fracture energy was envisaged by Griffith during his 
investigation of the fracture of glass sheets and was reported in his paper [33], 
quantitatively relating the flaw size to the fracture stresses. He developed the 
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relationship between the crack length, surface energy associated with traction-free 
crack surfaces and applied stress. However, Griffith's approach, having foundation 
on the energy balance approach, was of limited use in engineering applications 
because of its aptness for brittle materials. It is worthwhile mentioning here that 
traction gives the value of stress at a point and is a vector, while stress is a tensor. 
In (1957) Irwin [34] developed his approach by introducing a flat crack, with two 
stress singularities at its extremes, that appeared more appropriate than Griffith’s 
crack. Irwin’s theory considered the friction, developed between cracked surfaces, 
and provided an extension of Griffith’s theory to an arbitrary crack. It also provided 
the criterion for growth of this crack. Irwin proposed that the strain energy release, 
rate ,G  must be larger than the critical work, cG , which was required to create a 
new unit crack area. Furthermore, by using Westergaard’s method [35], he showed 
that the stress field in the area of the crack tip was completely determined by the 
quantity ,K  called the stress intensity factor.  
Linear elastic fracture mechanics addresses the case of brittle fracture occurring as 
a result of crack growth in the absence of noticeable plastic deformation at the 
crack tip [36], i.e. when the nonlinear deformation of the material is confined to a 
small region near it. In this case the problem of crack propagation can be 
formulated in terms of the stress intensity factors introduced by Irwin [34]. Thus, 
the main feature of linear fracture mechanics is the possibility of studying the 
behaviour of a body with a crack using the stress intensity factor. Therefore, for 
brittle materials LEFM accurately establishes the criterion for catastrophic failure. 
But in the case of ductile materials the size of the non-linear zone, due to plasticity 
or micro-cracking is not negligible in comparison with the other dimensions of the 
crack geometry. Even in the case of brittle materials, where the process zone is 
assumed to be a single point, the presence of an initial crack of the finite size is 
needed for LEFM to be applicable, underlining its limitation in application to 
structures/components having blunt notches but no cracks. To address such issues, 
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non-linear fracture mechanics was introduced and will be discussed in the following 
section. 
2.4.1.2 Elastic-plastic fracture mechanics 
For the problems of fracture where the characteristic linear size of the plastic zone 
at the crack tip exceeds the crack length by 20%, the stress intensity factor loses any 
physical sense because of the limited validity of the asymptotic formulae. The 
behaviour of a structure containing a crack in such a scenario depends, to a smaller 
or larger extent, on the material’s resistance to plastic deformation. The problem 
formulation then belongs to elastic-plastic fracture mechanics, where all the models 
have a sufficiently developed zone of plastic deformation [36].  
Typical attributes of the plastic flow at the crack face determine whether the crack 
will develop into a propagating crack. The laws of its further growth are also 
dictated by these attributes. For that reason, all the characteristic features of the 
plastic zone, such as the shape and size and the deformation in that zone need to 
be known. Apart from that, the growth of these features when subjected to 
increasing external load conditions and crack propagation also need to be 
investigated [36].  
Rice [37] addressed the issue of cracks with significant crack-tip deformation and 
introduced a new toughness measure to depict this behaviour, which no longer 
obeyed the linear-elastic approximation. This was the time when the fundamentals 
of fracture mechanics had been established and researchers started to concentrate 
on the plastic behaviour at crack tips. Rice extended the method of energy release 
rate to nonlinear materials by modelling this plastic deformation as nonlinear elastic 
behaviour. Rice's analysis, which assumes non-linear elastic deformation ahead of 
the crack tip, is based on the notion of the J-integral. The J-integral approach 
reduces to the Griffith theory for purely linear-elastic behaviour. Rice's theory has 
since dominated the development of elastic-plastic fracture mechanics. 
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Still, there are other variants of fracture mechanics. For instance, Wells [38] 
proposed a parameter called the Crack Tip Opening Displacement (CTOD), which is 
a measure of the resistance of a material to crack propagation. Thereafter, 
considerable efforts were devoted to employing the fracture mechanics theory to 
solve real world design problems involving fracture.  
2.5 Failure criteria for composite materials 
The definition of failure in composites, which is not always utterly clear, poses 
difficulties in establishing and validating their failure criteria. For instance, in a 
laminate, one or more plies may be clearly failing, e.g. cracked, yet the laminate 
could still resist higher load levels. On unloading from such a damaged state, there 
is often a full recovery of the initial shape. The same strength properties for the 
same material can markedly vary with the specimen’s size. Owing to the multi- 
constituent nature of composites, failure in one constituent does not necessarily 
imply the same in others, nor of the composite.  
Failure in composites cannot be defined by a definite number of material’s strength 
properties. However, for an orthotropic material, though not always sufficient, 
tensile and compressive strengths in the three principal directions of the material, 
i.e., * * * * * *1 1 2 2 3 3, , , , ,t c t c t c      , and shear strengths in these three planes 
*
12
*
13
*
23 ,,   are necessary. As composites are mostly used in form of laminates, 2D 
stress states are often sufficient for most applications. The mentioned failure 
properties reduce to * * * * *1 1 2 2 12, , , ,    t c t c  for 2D problems.  
Hinton and Soden [39] presented a comprehensive comparison of the predictions of 
some internationally recognized failure theories for fibre-reinforced composite 
laminates. This important exercise revealed that even in the most simplistic cases, 
e.g. of unidirectional fibre-reinforced lamina, differences as great as 570% were 
observed in the strength predictions. Different test cases featuring some real-life 
applications were investigated, e.g. a carbon-fibre quasi-isotropic laminate, which is 
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a fundamental building block used in the aircraft structures; a simple (±45o) GRP 
cross-ply; a (±55o) GRP laminate loaded at a stress ratio of :y x  = 2:1, which is 
featured in piping and pressure vessels currently in-service throughout the world. 
The exercise revealed that even for these very familiar cases, the spread in the final 
failure strengths predicted by the participants was surprisingly large. Ratios of the 
highest to lowest predicted strengths as great as 330% were observed for the quasi-
isotropic aircraft laminate test case, 970% for the cross-ply laminate and 870% for 
the (±55o) laminate. Unfortunately, a great number of failure criteria used for 
composites are empirical and lack a physical basis. Composite materials exhibit 
rather complex behaviours under biaxial loading. Although some of the theories 
recognize the inherent micro-level mechanisms associated with failure in laminates, 
failure is usually considered to occur at a macro-level. In spite of these difficulties, 
this important work is still underway. 
A comprehensive review of methodologies for modelling the constitutive behaviour 
and failure of fibre-reinforced polymer composites  was recently carried out by 
Orifici et al. [40]. The principle damage mechanisms for a laminate were listed as 
the fibre fracture, matrix cracking, buckling and delamination initiation and 
progression with separate categories for tension and compression. Common 
methods of modelling failure related to the concepts of damage mechanics were 
also presented. 
Some of the most frequently employed failure criteria are presented below. They 
are all based on some phenomenological considerations, i.e. the macroscopic 
behaviour rather than the microscopic analysis of failure. 
2.5.1 Maximum stress criterion 
The maximum stress criterion was introduced by Erdogan and Sih [41]. According to 
this criterion, failure occurs when anyone of the stress components in the principal 
material coordinates exceeds the corresponding strength in that direction [3]. 
Mathematically, failure occurs when any of the following conditions is violated 
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where 11,22,33i  for normal stresses in principle directions, and 
23, 31i   for shear stresses on three shear planes.  
The maximum stress criterion, because of its simplicity, is the most widely used 
criterion in the design and analysis of composite material structures. This is also one 
of the few criteria that provide an indication of the failure mode, although this is 
not always dependable. Many other criteria simply cannot provide such 
information. In the two-dimensional case, the maximum stress criterion requires 
five strength properties and is given as 
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No interaction is considered between the different modes of failure, i.e. for a plane 
stress case there are 5 failure mechanisms and 5 sub-criteria. 
2.5.2 Maximum strain criterion 
The maximum strain failure criterion is similar to the maximum stress failure 
criterion. However, rather than the stresses, strains are limited in this case [3]. 
According to this criterion, failure occurs when at least one of the strain 
components along the principal material axis exceeds that of the ultimate strain in 
that direction.  The maximum strain theory was extended to orthotropic materials 
[42]. Mathematically, failure occurs when any of the following conditions is violated 
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where 11,22,33i  for normal stresses in principle directions, and 
23, 31i   for shear stresses on three shear planes.  
Like the maximum stress criteria, no interaction was considered between the 
modes of failure, i.e. for a plane stress case there are 5 failure mechanisms and 5 
sub-criteria. 
2.5.3 Tsai-Hill failure criterion 
Hill [43] proposed an extension of the von Mises criterion as a yield criterion for 
orthotropic materials. This criterion is also called the maximum work criterion and 
assumes that there is incompressibility during plastic deformation. Also, there is no 
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distinction between tensile and compression strengths and both behaviours are 
assumed identical [3]. Failure is predicted if: 
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For a plane stress condition, the Hill failure criterion reduces to 
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2.5.4 Tsai-Wu criterion 
The Tsai-Wu failure criterion [44] is a phenomenological failure criterion which is 
widely used for anisotropic composite materials. This criterion is based on the 
following function 
                               ij i j i iF F F ,          
i, j 1,2,...,6.
        
(2.14)
 
The summation conversion of repeated subscripts applies in the above expression. 
According to the Tsai-Wu criterion, a composite fails when the following condition is 
violated: 
F 1.                                                                       (2.15) 
Given the symmetry characteristics of ijF , in a general case it requires 27 strength 
parameters. As the strength is not expected to be affected by changing the sense of 
any of the shear stresses, in other words, F  should be an even function of shear 
stress components due to the symmetry of stress tensor, one obtains 
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              0ijF                                                                 (2.16)   
                                          for i 1,2,3 and j 4,5,6 ,     
       or  i 4, 5, 6   and    j 1, 2, 3  but i j   
and                                        0iF            for i 4,5,6.                                           (2.17) 
This will then leave 12 strength parameters to be experimentally determined in 
general. With 9 conventional ones, one needs only to determine 3 coupling 
parameters, 23 13,F F  and 12F . Their determination requires application of biaxial 
stresses and hence is much more difficult to measure experimentally. However, 
considerable simplifications can be made for two-dimensional problems: 
2 2 2
11 1 12 1 2 22 2 66 12 1 1 2 22 .           F F F F F F F              (2.18) 
Here, six independent strength properties are required in order to apply this 
criterion. Property 12F , involved in the interaction term, should be determined 
from a biaxial test, e.g. with   21 . Suppose the material fails at 
*  . 12F  
can then be expressed as 
* * 2
12 1 2 11 22* 2
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1 ( ) ( ) ( ) .
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In absence of biaxial test data, it is sometimes reasonable to assume that, for a 
unidirectional lamina under an equal biaxial stress state in tension, the lamina 
would fail at the same stress level as it does under uniaxial transverse tension [3], 
i.e. 
*
2
*
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(2.23) 
In this way, an independent strength parameter was eliminated by the introduction 
of the assumption. Most of the commercially available finite-element codes have 
the Tsai-Wu failure criterion available in them. 
2.5.5 Hashin’s criterion 
The Hashin’s failure criterion [45] was specifically proposed for transversely 
isotropic composites, e.g. UD composites. Instead of having all possible 
combinations of stresses up to quadratic terms as in the Tsai-Wu criterion [44], it 
started with a set of irreducible invariants of coordinate transformation. The 
advantage compared to the Tsai-Wu criterion is that, in the Tsai-Wu criterion, the 
number of independent strength parameters is not obvious. Given a set of them, 
contradictions can easily be introduced as one might find the material under a set 
of stresses in one coordinate system is predicted to be safe while unsafe under the 
same stresses but in a different coordinate system since stress components are not 
invariants of coordinate transformation. For transversely isotropic materials, the 
type of coordinate transformations of interest is a rotation about the axis of 
transverse isotropy.  
 
31 
The first argument of the Hashin’s criterion is that the value of the failure function 
should not change after stresses are transformed from one coordinate system to 
another, resulting from a simple rotation about the axis of transverse isotropy. To 
guarantee this, the simplest way is to construct the failure function from stress 
invariants under this type of coordinate transformation, instead of from stresses 
directly as in Tsai-Wu’s criterion. The stress invariants under a rotation about axis-1 
up to quadratic terms are 
                        1 1 ,I 2 2 3 ,  I ,
2
3 23 2 3 ,   I
2 2
4 12 13 .  I                     (2.24) 
Thus the most comprehensive combination can only be 
 2 21 1 2 2 1 1 2 2 12 1 2 3 3 4 4( ) .       F A I A I B I B I B I I B I B I  (2.25) 
This involves seven independent parameters. However, for different modes of 
failure, one may expect a different set of independent parameters, giving rise to a 
different failure function but constructed in the same form as above. Using the 
above to formulate a failure criterion, one has  
 ( ) 1. F  (2.26) 
In equation (2.25) 3B and 4B can be determined directly if pure shear stresses 
12 13(or )   and 23  are applied, respectively. One can easily find that 
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(2.27) 
This leaves another five parameters to be determined. The second argument of the 
Hashin’s criterion is what is often called action plane, i.e. where failure takes place 
on a plane to produce a fracture surface through the plane, only the stress 
components appearing on the plane contribute to the failure. This is inherited from 
the Mohr’s failure theory for conventional materials, where the intermediate 
principal stress was assumed to be unrelated to the failure. Two major modes of 
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failure are mostly observed in the failure of composites, fibre failure in the plane 
perpendicular to the fibres and matrix failure in planes parallel to the fibres. 
According to the action plane argument above, for the fibre failure 
 21 1 1 1 3 3 4 4( )F A I B I B I B I      (2.28) 
and for the matrix failure 
 22 2 2 2 3 3 4 4( ) .    F A I B I B I B I  (2.29) 
In each case, there are two strength parameters to be determined.  
Subsequent development based on these arguments, such as the Puck’s criterion 
[46], has resulted in some good failure criteria for composites. 
In order to analyse the crack propagation behaviour, as mentioned earlier, different 
criteria have been developed in the past [47-48]. In general, they can be classified 
as stress-based criteria [49], energy-based criteria [50] and strain-based criteria 
[51]. The significant factor underlining the energy-based criteria is the fracture 
energy, which characterizes the crack tip behaviour. The next section presents 
different techniques used to compute the fracture energy of a cracking sample. 
2.6 Methods for fracture energy determination 
2.6.1 Global energy method 
The global energy method is based on the finite crack extension method and follows 
the assumption that energy is released when a crack propagates [49]. The energy 
release rate is defined as the rate of change in potential energy with the crack area 
for a linear elastic material [34]. Mathematically, it is given by the relation 
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 where U is the total energy of the specimen and A  is the area of the newly 
created cracked surface. The negative sign indicates energy dissipation. 
2.6.2 J-integral method  
The J-integral is used to calculate energy per unit fracture surface area (strain 
energy release rate) in a material and has widely been accepted as a fracture 
mechanics parameter for both linear and non-linear material responses. 
Cherepanov [52] and Rice [37] introduced path-independent integrals into fracture 
mechanics. Rice also showed that this “J-integral” is identical to the energy release 
rate for a plane crack extension, ,da  given by;                                                        
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 (2.31) 
where 
w  is the strain energy density; 
iT  is the component of traction vector; 
iu  are the displacement vector components; and 
ds  is the length increment along the contour   (arbitrary path around crack tip). 
The J integral is defined in terms of the energy release rate, i.e., the energy which is 
released to create a unit area of crack surface, associated with a fictitious small 
crack advance, a . 
2.6.3 Virtual crack closure technique 
The virtual crack closure technique (VCCT) approach was proposed by Rybicki and 
Kanninen [53] and is based on two assumptions:  
1) Irwin’s assumption that the energy released in crack growth is equal to the work 
required to close the crack to its original length, 
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2) The crack growth does not significantly alter the state at the crack tip. 
The VCCT is one of the most commonly applied means for determining the 
components of the strain energy release rate along a crack front. It is based on 
results from two and three-dimensional finite-element analyses to supply the mode 
separation required while using the energy based mixed-mode fracture criterion.  
In [54], the work conducted in [53] is summarised and the VCC is extended to 
different quadratic elements. The simplest model, developed in [53] using 4 nodes, 
defined G per unit of width as (Fig. 2.3) 
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Fig. 2.3 VCCT model for four-node elements 
2.6.4 Experimental methods for fracture energy determination 
A brief overview of the experimental test methods available to measure the 
interfacial fracture toughness used is given here. The different test methods to 
determine the interlaminar fracture toughness provide an effective means to 
observe the damaged surfaces under different loading conditions. A careful 
examination of the characteristics of each test method is required to define the 
appropriate information to be used in the numerical models. A description of test 
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methods that have been proposed to obtain the required material properties in 
mode I, II, II, and mixed-mode crack growth are presented below one by one. 
The most popular geometry used to determine the interlaminar fracture toughness, 
or critical strain energy release rate, in Mode I ( ICG ) is the double cantilever beam 
(DCB) specimen shown in Fig. 2.4 (a). This specimen is used for unidirectional fibre-
reinforced laminate specimens. The standard BS ISO 15024:2001 [55] describes the 
determination of mode I interlaminar fracture energy, ICG , for unidirectionally 
reinforced materials.  
In order to determine the mode II fracture toughness Carlsson et al. [56] designed 
the end-notch flexure test (ENF), based on the shear deformation beam theory to 
obtain the pure mode II interlaminar crack propagation. The ENF specimen shown 
in Fig. 2.4 (b) involves a three-point bending test of a specimen containing a starter 
delamination at one end. Usually specimens are manufactured placing the initial 
delamination in the mid-plane. 
For mode III fracture toughness determination, the most widely used test 
configuration is the edge-crack torsion (ECT) test, as shown in Fig. 2.4 (c). This test is 
based on the out-of-plane torsion of a cracked specimen. 
Failures in composite structures often develop as delaminations between plies. 
Typically, such delaminations initiate and propagate under the combined influence 
of normal and shear stresses. Therefore, tests of delamination resistance should 
account for the effects of combined stresses. The most widely used specimen for 
mixed-mode fracture is the mixed-mode bending (MMB) specimen shown in Fig. 2.4 
(d). 
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Fig. 2.4 Experimental test configurations for fracture energy determination, (a) DCB; 
(b) ENF; (c) ECT and (d) MMB. 
2.7 Crack growth criterion- Node-release techniques 
The general crack growth criterion is that a crack starts to grow when the critical 
value of some fracture parameter is exceeded. It can be simulated by node-release 
techniques, controlled by any fracture mechanics parameter, such as the J-integral, 
crack tip opening displacement, crack tip opening angle or maximum stress as in the 
maximum normal stress criterion [41, 47, 49, 57]. Some of the characteristic 
parameters of node-release techniques are summarized below. 
2.7.1 Maximum stress  
Application of this parameter involves release of crack tip nodes when the local 
stress at a specific distance ahead of the crack tip reaches a critical value [41, 47, 
49]. 
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2.7.2 Crack tip opening displacement  
In this case, the crack tip node is released when the crack tip opening displacement 
at a specified distance behind the crack tip reaches a critical value. This parameter is 
typically used for crack propagation in ductile materials.  
2.7.3 Maximum strain energy release rate  
The strain energy release rate, ,G  is the energy needed to increase the crack length 
by unity. This criterion states that among all admissible crack length displacements, 
the real increase is the one which maximizes the strain energy release rate [58]. 
Numerous numerical techniques can be used to compute G . The most commonly 
used methods are based on the global energy release rate [49] J-integral [52] and 
the virtual crack closure technique (VCCT) (presented earlier in Sections 2.6.1, 2.6.2 
and 2.6.3).  
Regarding the problem of delamination, some researchers have applied fracture 
mechanics to address this failure mechanism. As the application of fracture 
mechanics is based on the assumption of the existence of initial cracks, a direct 
application of this method is not possible without the introduction of an initial 
delamination.  Some contributors in this area utilized fracture mechanics only to 
depict the propagation phase of delamination,  with the initiation of delamination 
predicted by the stress-based method [59]. Also the implementation of fracture 
mechanics techniques, such as virtual crack closure [34, 53, 60], the J-integral [37] 
and other approaches [61-62] through finite-element codes poses some problems, 
such as the calculation of fracture parameters. In order to reliably acquire these 
parameters, there is a requirement of information from a number of elements 
around the crack front, which is very difficult for a propagating crack as opposed to 
a stationary one [63]. 
Current developments in fracture mechanics research have incorporated dynamic 
and time-dependent fracture in nonlinear materials, fracture mechanics of 
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microstructures, and models related to local, global and geometry-dependent 
fractures. Unlike existing major theories with a single-parameter approach ( JKG ,,
or CTOD), these recent research tendencies usually require more than one 
parameter to express the behaviour of the crack growth. Although the classical 
fracture mechanics has achieved a remarkable success so far, researchers are still 
looking for more adequate methods for applications with a need for high load- 
carrying capacity without compromising safety. In an effort to achieve this goal, a 
wide range of damage mechanics models has been proposed. These models will be 
reviewed in the following section. 
Comparison of fracture and damage mechanics 
Fracture mechanics is suitable for illustrating the separation due to the separation 
of two parts of the continuum and is applicable once a crack has been initiated, or 
assuming that there are initial flaws of known sizes and known locations in the 
continuum. On the other hand damage mechanics includes smeared (or distributed) 
crack models [64], which portray the local effects of micro cracking, that is, the 
evolution of the mechanical properties of the continuum with the advancement of 
micro cracking. When the location of a crack and its propagation direction are 
unknown, fracture mechanics cannot be applied as determining the critical flaw 
from which cracking initiates, is required. Damage mechanics, on the other hand, 
offers the advantage to predict the location of this critical flaw [65]. 
2.8 Damage mechanics approach 
The main difference between fracture mechanics and damage mechanics is that 
fracture mechanics deals with a macroscopic crack with a given shape and position, 
while damage mechanics addresses the macroscopic change in stress and strain 
fields due to the microscopic evolution of defects. 
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To use damage mechanics in crack growth simulations, a damage variable D  
(defined by equation 3.5 in a later Section) is introduced in the constitutive 
equations as a function of stresses and strains. The failure initiates when the 
damage variable D  becomes unity or reaches a critical magnitude. Crack 
propagation is represented in terms of element softening or removal when the 
damage parameter reaches a critical value.  
This micromechanical modelling of damage and fracture has found increasing 
interest in order to study the damage in engineering materials and structures.  
2.8.1 Progressive damage models 
Micromechanical modelling of damage and fracture has found growing use in 
studies of damage in laminated composite materials [11, 28, 66-71]. The general 
advantage is that these models do not necessarily need an initial crack for the 
analysis [48].  
On the occurrence of fracture, energy is dissipated in a structure through various 
processes [72]. These processes could include growth of micro voids, creation of a 
new surface and energy dissipated through plasticity around the crack tip. The 
energy dissipation, damage and subsequent propagation can be modelled with 
progressive damage modelling. Xie and Gerstle [73] presented a classification of 
approaches for modelling material separation and crack propagation. It was stated 
that either a continuum (smeared) or discrete (local) approaches can be used in 
modelling crack initiation and propagation. 
The discrete approaches for modelling and analysis of fracture include linear elastic 
fracture mechanics and cohesive-zone modelling. The crack-band model and non-
local continuum damage mechanics models are among the continuum approaches. 
The different classifications are shown in Fig. 2.5. Analytical solutions are almost 
impossible due to the size and complexity of the fracture mechanics problems that 
are traditionally being dealt with. Numerical methods, as a result are finding more 
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and more use due to their applicability to virtually all types of problems, and these 
approaches have the advantage that they can be easily implemented with the 
finite-element method. 
An element-failure algorithm was developed by Beissel et al. [74] in order to model  
progressive crack propagation in any direction in an elastic-plastic continuum. The 
crack tip path was tracked and the failing elements crossed by the path were 
removed so that the elements could no longer sustain tractions. The failure criteria 
for the element and crack direction were governed by the energy integrals 
surrounding the crack tip with inertia taken into account. This technique eliminates 
the need to accommodate the crack tip and redefine the contact surfaces. 
However, selecting a converged contour for the energy integral and mesh size is 
important for this technique. 
 
Fig. 2.5 Modelling philosophies of discrete and smeared crack approaches (after 
[73])  
2.8.2 Crack band model 
The crack band model (CBM), which is one of the continuum approaches, can be 
implemented by means of a computational cell methodology. The CBM elements 
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are inserted between continuum elements on a pre-defined crack path. The area 
under the stress-strain curve is adjusted according to the width of the elements. 
From an energy point of view, the crack band approach is essentially equivalent to 
the cohesive-zone model. The crack evolves when the traction reaches zero and the 
computational cell is removed as a result.  
The crack band model has been utilized to simulate mode-I fracture but in the case 
of mixed-mode fracture, it has some unsolved problems. The length as well as the 
width of the fracture process zone in the non-local continuum damage models must 
be explicitly modelled. This method has only been demonstrated for small-scale 
structures and applications because of being computationally expensive. A fine 
mesh around the fracture process zone is required for both crack band and non-
local continuum approaches to obtain good results. 
2.8.3 Cohesive-zone model 
Investigation of failure in engineering materials reveals that most engineering 
materials are not perfectly brittle in the Griffith sense but display some ductility 
when loaded above their strength limit. A small zone is present ahead of the crack 
tip, inside which the processes of small-scale yielding, micro-cracking and void 
initiation, growth and coalescence occur. The concepts of linear-elastic fracture 
mechanics can be applicable provided this zone (sometimes called the fracture 
process zone) is sufficiently small compared to the structural dimensions. However, 
if this is not the case, the cohesive forces that exist in this fracture process zone 
must be considered in the treatment of the fracture problem [75]. Such cases are 
usually treated using damage models. 
Among various damage models, the cohesive-zone model (CZM), which provides a 
link from microstructural failure mechanisms to the continuum fields governing bulk 
deformation, seems particularly attractive for practical application. The reason for 
this is that both the crack initiation and growth are simulated in one model and also 
it can be incorporated effectively in computational FE codes using interface 
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elements. This model is an explicit representation of the non-linear crack tip 
process zone as opposed to linear-elastic fracture mechanics where the non-
linearity is assigned to a point process at the crack tip. The fracture mechanics 
analysis assumes the existence of an infinitely sharp crack leading to singular crack 
tip fields, though, in real materials it is not possible to have an infinite value of 
either sharpness of the crack or the stress levels near the crack tip region. 
The fundamental idea for a cohesive-zone model can be found in the works of 
Dugdale [76] and Barenblatt [77], where they established the concepts of defect 
process zone and atomistic de-cohesion. Dugdale [76] assumed the finite stress at 
the crack tip to be the yield stress, which is not always true as the crack-opening 
stress can be much higher than the yield stress; a typical curve is shown in Fig. 2.6 
(a). Barenblatt [77] investigated the fracture of brittle materials by defining the 
traction along the crack path as a function of the crack tip distance along the crack 
front. A typical traction-crack tip distance relation from this case is shown in Fig. 2.6 
(b).  
Needleman [78-79] was one of the first to use polynomial and exponential types of 
traction-separation equations to simulate particle debonding in metal matrices. An 
exponential fit is used for the normal traction and a trigonometric fit for the shear 
one. The respective traction-separation curves are plotted in Figure 2.3(c). Xu and 
Needleman [80-81] used the above models to study void nucleation at the interface 
of particles and metal matrix. In [81] the cohesive-zone model was for the first time 
related with finite-element analysis by developing the cohesive finite-element 
method and applying this to simulate dynamic fracture problems. Tvergaard and 
Hutchinson [82] used a trapezoidal shape of the traction-separation curve to 
calculate the crack growth resistance in elasto-plastic materials; a typical curve is 
shown in Fig. 2.6 (d). Tvergaard [83] extended Needleman’s [78] model of pure 
normal separation for mixed-mode loading. This is one of the most popular 
cohesive laws used by many authors [84]; a typical curve is shown in Fig. 2.6 (e). A 
perfectly-plastic behaviour was proposed by  Cui and Wisnom [85] while Goyal et al. 
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[86] adopted Needleman’s exponential law to account for load reversal without 
restoration of the cohesive state. Camacho and Ortiz [87] employed a linear 
cohesive fracture mode to study multiple cracks propagating along arbitrary paths 
during impact damage in brittle materials. This model predicts failure by both shear 
and normal separation in tension and by shear separation in compression; its typical 
curve is plotted in Fig. 2.6 (f). Geubelle and Baylor [88] utilized a bi-linear cohesive 
model to simulate spontaneous initiation and propagation of cracks in thin 
composite plates subjected to low-velocity impact. The traction-separation curves 
for this model are shown in Fig. 2.6 (g).  
A more versatile cohesive law was proposed by Scheider and Brocks [89-90], which 
fulfils the following requirements:  
 The initial stiffness of the cohesive element can be varied; 
 A region can be defined, where the traction in the cohesive element is kept 
constant. 
The curve must be continuously differentiable for numerical reasons. This has been 
achieved by using two additional parameters 1 and 2  
(Fig. 2.6 (e)), leading to the 
following formulation for the function ( )  :  
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This law is similar to the multi-linear cohesive law proposed by Tvergaard and 
Hutchinson [82], who also introduced two additional parameters, but without the 
requirement that the curve is continuously differentiable.In all the cohesive models 
(excluding the models by Dugdale [76] and Camacho [87]), the traction-separation 
relations for interfaces are such that with increasing interfacial separation, the 
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traction across the interface reaches a maximum, then decreases and eventually 
vanishes, permitting complete decohesion. The main difference between the 
cohesive models lies in the shape of the traction-separation curve, and the 
constants that are used to describe its shape. 
 
Fig. 2.6 Various cohesive laws proposed by different authors; (a) Dugdale; (b) 
Barenblatt; (c) Needleman; (d) Tvergaard & Hutchinson; (e) Scheider;  (f) Camacho 
& Ortiz; (g) Geubelle 
Analysis of a single-mode crack is simple using a cohesive model, however, the 
interaction between different modes needs to be considered for the mixed-mode 
scenarios commonly encountered in structures. Barenblatt’s cohesive-zone model 
was extended to fracture in homogeneous media under mixed-mode conditions (for 
example, Ortiz and Pandolfi [91-92]). The extension to treat mixed-mode fracture 
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using the cohesive-zone approach may appear to follow the same procedure for 
mode-I fracture by simply adding the shear cohesive traction and the corresponding 
separation in the cohesive law. There are, however, some conceptual issues that 
need to be carefully examined in these new applications. For example, the 
cohesive-zone length for mode-I fracture can generally be determined from the 
condition that no energy dissipation occurs at the cohesive-zone tip, i.e., there is no 
stress singularity. For the mixed-mode fracture case, however, there are two 
independent cohesive tractions (normal and shear), and a single cohesive-zone 
length may not be able to satisfy the condition that stress singularity at the 
cohesive-zone tip be cancelled and, as a result, energy would be dissipated at the 
singular cohesive-zone tip in addition to that dissipated inside the cohesive-zone 
[93]. 
The relationship between the cohesive traction   and the opening displacement 
  of the cohesive surfaces in applications involving only opening mode fracture 
may be expressed in the following way: 
 max
ch
( ) ,

 

 f  (2.35) 
where max  is the peak cohesive traction, ch  is a characteristic opening, and f is a 
dimensionless function describing the ‘shape’ of the cohesive traction–separation 
curve. For mixed opening/sliding-mode (Mode I/II) fracture, there are two 
separation components across the cohesive surfaces: the opening separation n  
and the sliding component t . An extension of equation 2.34 to the mixed-mode 
cohesive-zone model takes the general form 
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A cohesive energy potential is often used in order to establish appropriate 
functional forms of nf  and sf  in eq. 2.36, for example, Ortiz and Pandolfi [91] 
introduced an effective separation   and effective traction   as follows; 
 2 2 2n t ,      (2.37) 
 2 2 2n t ,      (2.38) 
where   is a coefficient which “assigns different weights to the sliding and normal 
separations.” They assumed that under the loading conditions, the effective 
cohesive traction can be derived from a cohesive energy potential ( )  by 
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and the cohesive tractions can be obtained from 
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It follows from eq. 2.39 that 
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which implies a kind of proportional deformation.  
Tvergaard and Hutchinson [92] proposed a different form of the effective 
separation, by using the concepts of non-dimensional displacement and their 
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cohesive traction–separation relations are similar to those in eq. 2.41. Needleman 
[79] and Xu and Needleman [81] did not use the concept of the effective quantities 
and assumed that the cohesive energy potential is a direct function of two 
separations n  and s . Moura et al. [94] used the damage surface for the relative 
displacements in order to treat mode interaction. The fracture mechanics failure 
criterion may not be fulfilled by the energy dissipation in these mixed-mode models 
in contrast to the single-mode model. However, Mi et al. [95] and Alfano and 
Crisfield [96] developed a damage parameter related to the relative displacements 
in the interfacial constitutive relationship.  
2.8.4 Numerical aspects of cohesive-zone formulation 
The concept of cohesive-zone model to simulate damage and fracture in a wide 
range of engineering materials has got a lot of attention in the past few decades. 
However, an appropriate numerical implementation of this model is required, for 
which some important aspects need to be considered. These aspects are discussed 
in the following sections. 
Cohesive-zone length 
The energy released in the formation of new crack surfaces (unit area) in the 
cohesive-zone modelling approach is assumed to be the cohesive energy density. 
That is, there should be no energy dissipation (or equivalently no stress singularity) 
at the tip of the cohesive-zone. For the opening mode (mode I) case, this condition 
is the basis for the determination of cohesive-zone length. For mixed-mode 
fracture, however, a single cohesive-zone size may not suffice the condition of the 
vanishing stress singularity, as both opening and sliding separations contribute to 
the energy dissipation. So vanishing singularities for both normal and shear stresses 
are required so that there is no energy dissipation at the tip of the cohesive-zone. 
The size of the cohesive-zone cannot be precisely determined if the condition of 
removal of stress singularity at the tip of a cohesive-zone is not imposed [93].  
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There are a number of models available in the literature intended to estimate the 
length of the cohesive-zone. Irwin [97]estimated the size of the plastic zone ahead 
of a crack in a ductile solid by considering the crack tip zone, within which the von 
Mises equivalent stress exceeds the tensile yield stress. Dugdale [76] estimated the 
size of the yield zone ahead of a mode-I crack in a thin plate of an elastic-perfectly 
plastic solid by idealizing the plastic region as a narrow strip extending ahead of the 
crack tip that is loaded by the yield traction. Barenblatt [77] provided an analogue 
of the Dugdale plastic yield zone analysis for ideally brittle materials. Hui [92] 
estimated the length of the cohesive-zone for soft elastic solids, and Falk [93] and 
Rice [94] estimated the length of the cohesive-zone as a function of the crack 
growth velocity.  
Mesh sensitivity of CZM 
A certain mesh bias is experienced by cohesive-zone models in their numerical 
representation. For discrete representations this is caused by the initial mesh 
design, while for smeared representations it is rooted in the ill-posedness of the 
rate boundary value problem that arises upon the introduction of decohesion. 
As described earlier, a layer of cohesive-zone elements is introduced at the 
separating interface in between the continuum elements. Constitutive properties of 
these elements describe the evolution of cohesive traction (stress) as the interface 
is being opened (opening displacement). These cohesive-zone elements on the 
occurrence of damage growth open in order to simulate crack initiation or crack 
growth. The direction of crack propagation strongly depends on the presence (or 
absence) of cohesive-zone elements, since the crack path can only follow these 
elements. This implies the fact that crack propagation path is mesh-dependent; 
however, this problem can be reduced to a greater extent by refining the mesh. In 
contrast to this widely accepted point of view of using finer meshes for cohesive-
zones, Turon et al. [98] proposed a novel procedure that allows the use of coarser 
meshes of cohesive elements in large-scale computations. 
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Mesh density determination for cohesive-zone 
In order to obtain accurate results using CZM, the tractions in the cohesive-zone 
must be represented adequately by the finite-element spatial discretization. A 
minimum number of elements eN  is needed in the cohesive-zone to get successful 
finite-element results. In case of using a very small number of elements for 
discretizing the cohesive-zone, the model would not capture the continuum field of 
a cohesive crack because of the inaccurate representation of fracture energy by a 
coarse mesh.  
The number of elements in the cohesive-zone is obtained using the equation [98] 
 pz
e
e
,
l
N
l
 (2.43) 
where el  is the mesh size in the direction of crack propagation.  
However, the minimum number of elements needed in the cohesive-zone is not 
well established: in [99], based on the work of Carpinteri and Cornetti [22], it was 
suggested to use more than 10 elements. However, Falk et al. [93] used between 2 
and 5 elements in their simulations. 
Mode dependence of CZM 
Fracture along an interface between two dissimilar materials has generally a mixed- 
mode nature due to material property asymmetry (mismatch of Poisson's ratios of 
materials). This is due to the well known reason that interfacial fracture toughness 
is not a constant but is a function of mode-mixity. This characteristic must be 
accounted for by the cohesive-zone model while dealing with interfacial cracks. The 
requirement, therefore, is the establishment of mixed-mode cohesive traction-
separation relations for the implementation of cohesive-zone models involving the 
study of interface fracture. These mixed-mode laws may be formulated by 
appropriate generalization of mode-I cohesive models. 
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The cohesive-zone model originally proposed in [77] was for mode-I fracture with 
the purpose to remove the crack-tip stress singularity. There is a general agreement 
that cohesive crack initiation takes place predominantly in mode I (i.e. under 
stresses normal to the crack faces), at least for (macroscopically) homogeneous and 
isotropic materials [100]. However, shear stresses can develop if the crack faces are 
later tangentially displaced with respect to each other. The development of shear 
stresses can differ very much from one material to another. Based on this the 
cohesive-zone laws can be either coupled or uncoupled. 
The normal traction in an uncoupled cohesive-zone law is independent of the crack 
sliding displacement, and the sliding traction is independent of the normal opening 
displacement. In a coupled cohesive-zone law, both tractions depend on both the 
normal and sliding displacements [101]. The uncoupled cohesive-zone laws are 
intended to be used when the debonding process occurs under one mode—normal 
(mode-I) or sliding (mode-II) loading—or is largely dominated by one mode.  
2.8.5 Effect of shape of traction-separation law on fracture behaviour 
The cohesive-zone modelling work primarily entails predictions of strength of 
specimens, components or structures based on presumed, idealized cohesive laws. 
Determination of the cohesive law has been addressed in various studies. Usually, 
the cohesive law is determined indirectly comparing the measured specimen’s 
behaviour such as the overall load–displacement relationship with model 
predictions for various cohesive-law parameters.  
The choice of the material law for the cohesive-zone is one of the main problems of 
the application of cohesive models. The cohesive crack model requires a unique 
( )   curve to quantify the value of the energy dissipation. The choice of the ( ) 
function significantly influences the prediction of the structural response and the 
local fracture behaviour. For instance, the crack opening displacement is particularly 
sensitive to the shape of ( )  . Many different shapes of ( )  curves, including 
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linear, bilinear, parabolic, exponential, and trapezoidal have been used in the 
research and are presented in Fig. 2.6. 
Several studies deal with the effect of the shape of the traction-separation law 
defined by the function ( )   on the resulting fracture behaviour. Most of the 
researchers have reported that only the cohesive energy, i.e. the area under the 
traction-separation curve and either the cohesive strength or the separation 
displacement are sufficient to introduce a CZM while the shape of the traction-
separation curve is less important. Chandra et al. [82], however, investigated the 
shape-sensitivity of a cohesive-zone model for an elastic-plastic compliant body and 
suggested that in order to simulate the interface accurately and to reproduce the 
macroscopic mechanical behaviour of composites, the shape of the traction–
separation law should receive attention apart from the selection of two out of the 
three parameters of the model. Volokh [102] also supported the opinion that a 
specific shape of the traction separation law can significantly affect results of the 
fracture analysis. He compared four different cohesive-zone models − bilinear, 
parabolic, sinusoidal and exponential − by employing a block-peel test. A somewhat 
weak consequence of the shape of the traction-separation law was reported by 
Tvergaard and Hutchinson [82]. Alfano [103] considered four different law shapes − 
bilinear, linear-parabolic, exponential and trapezoidal − and reported that the 
influence becomes significant only in the vicinity of the maximum applied load. 
The cohesive-zone modelling has also been found useful in the analysis of damage 
in adhesively bonded joints with carbon fibre-reinforced materials as adherends. In 
one of the reported works, the cohesive model in conjunction with both elastic and 
elasto–plastic continuum behaviour was presented to predict the response of 
mixed-mode flexure and three different lap shear joints [104]. In another work, the 
environmental degradation of adhesively bonded aluminium and composite joints 
was carried out using the cohesive zone approach, where the parameters of 
cohesive law used in the prediction were determined from fracture test 
specimens[105].  
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The review of the available research using cohesive-zone modelling presented so far 
was from a general point of view. Focus will be made in the following section on 
reviewing developments specifically for laminated composite delamination 
employing cohesive-zone modelling.  
Application of cohesive-zone model to composite delamination 
The analysis of delamination in laminated composites employing the cohesive-zone 
model in the finite-element method has been performed by a number of authors; 
some of the contributions are presented here. Allix et al. [106] studied the 
interlaminar fracture of delamination specimens by modelling them as two beams 
linked by an interface assumed to be damageable. Pre-cracked specimens were 
used, and numerical and experimental results were compared for different 
specimen configurations. Allix and Corigliano [107] studied the process of mixed-
mode interlaminar crack propagation in specimens under flexure utilizing interface 
laws relating interlaminar stresses to displacement discontinuities along the plane 
of delamination propagation. Graphite/epoxy laminate specimens under uniaxial 
loading were investigated by Schellekens and de Borst [108], making use of non-
linear finite-element analysis to study the free-edge delamination. Another study on 
modelling of progressive mixed-mode delamination in fibre-reinforced composites 
was carried out by Mi et al. [95]. It was based on the utilization of interface 
elements governed by softening relationships between the tractions and the 
corresponding displacements. Chen et al. [109] also studied the application of 
interface elements to predict progressive delamination in composite materials using 
ABAQUS and LUSAS finite-element packages. Alfano and Crisfield [96] carried out 
delamination analysis in laminated double cantilever specimen and discussed some 
of the computational issues involved. Camanho et al. [110] proposed a decohesion 
element for mixed-mode loading conditions. They simulated laminate specimens 
under quasi-static loading for various single-mode and mixed-mode delaminations. 
Choupani [111] investigated the mixed-mode fracture behaviour of adhesively 
bonded joints using different combinations of adhesive, composite and metallic 
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adherends. Both the experimental and numerical analyses were presented to 
highlight the mixed-mode nature of cohesive fracture behaviour exhibited by 
bonded joints. The stress intensity factors for mode I and mode II were determined, 
and their relationship with the fracture toughness was investigated. It was observed 
from that work, that with increase in thickness of the adhesive layer (values ranging 
from 0.2 mm to 2 mm) and crack length, the total strain energy release rate also 
increased.  
An interface element methodology was presented by Pantano and Averill [112] for 
simulating the crack growth in laminated structures. This approach can join and 
simulate crack growth between independently modelled finite-element sub-
domains (e.g., composite plies). An important aspect of this model is the capability 
to release sub-regions of the interface surface, with length smaller than that of the 
finite-elements. In doing so, the method allows for a mesh-independent tracking of 
the crack front. Experimental comparisons from tests such as double-cantilever 
beam (DCB), end-loaded split (ELS) and fixed-ratio mixed mode (FRMM) specimens 
showed that the delamination growth can be accurately predicted using the 
proposed model. 
Okabe et al. [113] employed the embedded process zone (EPZ) model, utilizing the 
EPZ elements for the transverse cracks and interlaminar delaminations in their 
study of progressive damage in cross-ply GFRP laminates. Fibre breaks were 
represented by truss elements. The initiation of transverse cracks was linked to the 
stress criterion, while the propagation was based on the energy criterion. 
Experimental validation of the numerical results was also presented. 
A phantom-node method, implementing a mixed-mode cohesive law was proposed 
by Meer and Sluys [114] in an effort to simulate and analyze the progressive 
splitting and delamination in a notched cross-ply laminates under plane stress. The 
proposed method was implemented with a linear softening relation between 
traction and separation and was capable of introducing a discontinuity in the 
displacement field at arbitrary locations. The obtained results showed the creation 
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of several splitting cracks, with some interacting with delamination leading to 
failure. Validation of the model was carried out by carrying out comparison with 
results from mixed-mode bending tests. Another study analyzing delamination 
growth in laminated composite materials subject to transverse loads using the 
finite-element was contributed by Elmarakbi et al. [115]. The authors presented a 
three-dimensional formulation, and developed a new cohesive element that was 
implemented it in LS-DYNA. The main aim of the model was to overcome the 
problem of numerical instability encountered during delamination evolution using 
the bi-linear cohesive model. The model was applied to a standard DCB 
configuration in Mode-I, and both quasi-static and dynamic analyses were carried 
out to highlight the effect of the new constitutive model, which showed stable 
simulations, hence, overcoming the numerical instability. 
Fan et al. [116] also addressed the problem of delamination initiation and 
propagation in fibre-reinforced composites and crack growth in adhesive joints by 
implementing the cohesive-zone model in tension and shear modes of fracture. The 
damage-evolution law was based on the cohesive-zone model, employing a bi-linear 
model using continuum solid elements to mimic damage evolution. The model was 
verified by comparison with the delamination development in FRP beam specimens 
and by comparing the simulation results with the analytical solutions for pre-
cracked specimens and ones without pre-crack. It was concluded that the proposed 
model effectively predicted the location for the delamination initiation and the final 
delamination size in both mode-I or mode-II fracture of the laminate. According to 
the authors, the main advantage of the model over the previous models was its 
capability to adopt any stress- or strain-based damage initiation criteria, obtained as 
a result of utilizing the solid continuum elements. 
Freed and Banks-Sills [117] formulated a two-dimensional cohesive-zone model 
based on a polynomial law to predict mixed-mode interface fracture in bi-materials. 
The model accounted for the fact that the interfacial fracture toughness is a 
function of the mode-mixity and not a constant, and examined the effect of the 
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cohesive strength by numerically analyzing a double-cantilever beam specimen. It 
was found that the shapes of the resulting load–displacement curves for a specified 
value of cohesive energy were influenced by the selection of the value of cohesive 
strength. De Morais and Pereira [118] reported the analysis of mixed-mode fracture 
of carbon/epoxy laminates with a cross-ply lay-up and the standard 0/0 
delamination interface for the six-point bending plate specimens. Finite-element 
analyses over a wide range of mode-mix ratios were performed to select 
appropriate specimen geometries to compute the critical strain energy release rate
cG . The work highlighted the main difficulties with the studied specimens - the 
non-uniform distributions of IIG and IIIG and considerable geometric non-linearity. 
They also performed experiments, which predicted a quasi-linear evolution of cG  
with III /G G  consistent with previous IIcG  measurements on unidirectional and 
multidirectional specimens, and also suggested that IIIcG  is higher than IIcG . A 
composite delamination analysis was reported by Harper and Hallet [119] 
suggesting a model for accurate prediction of a  numerical cohesive-zone length and 
the number of elements required within that zone as well as appropriate values for 
numerical interfacial strength subject to mode-I, mode-II and mixed-mode loadings. 
It was suggested that for a reliable load-displacement analysis a minimum of two or 
three elements should be in the cohesive-zone ahead of the crack tip. It was 
claimed that the method preserving the accuracy of the analyses minimizes the 
computational effort. Also it was demonstrated that an increase in the cohesive-
zone length and, in turn, the reduction in the required mesh density can be 
obtained by reducing the interfacial strength. At the same time, limits exist on the 
permissible level of those reductions. 
It can be seen that many research works are available in the area of delamination 
analysis of laminated composite using cohesive-zone modelling. We have 
summarized some of the important contributions here. 
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Advantages and limitations of cohesive-zone model 
A cohesive-zone model seems to be a good compromise between computational 
efficiency and physical reality. Using cohesive models, we can have the following 
main advantages: 
 Cohesive-zone model can create new surfaces; 
 A pre-existing  crack is not required for the application of the cohesive-
zone model; 
 Even though the physical separation occurs, mathematically the 
continuity conditions are maintained by the cohesive model ; 
 It can also be perceived at the meso-scale as the effect of energy 
dissipation mechanisms, energy dissipated both  in the forward and the 
wake regions of the crack tip; 
 The approach uses fracture energy (obtained from fracture tests) as a 
parameter and is devoid of any ad-hoc criteria for fracture initiation and 
propagation; 
 In the CZM approach, there is no energy dissipation at the crack tip (no 
stress singularities) and material failure is restricted to measurable 
quantities such as displacements and stresses; 
 It is an ideal framework to model strength, stiffness and failure in an 
integrated manner; 
 CZ models give very good results for structures with different dimensions 
and constraint conditions. 
Even though the cohesive-zone modelling approach has been employed by many 
authors to address fracture, extensive further research is still required. Its effective 
numerical implementation has caused problems. Being a discrete model, it cannot 
be implemented readily in standard, continuum-based finite-element methods. The 
development of special interface elements are providing a solution but the difficulty 
of positioning interface elements remains since crack paths are normally not known 
in advance. Proposals have been presented for inserting interface elements 
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between all continuum elements and to carry out re-meshing procedures or to use 
mesh-free methods to avoid this limitation. 
In CZ models, it is assumed that the cohesive-zone elements have no thickness but 
have a limiting stress level that affects the stress field in the region surrounding it. 
In recent years, there have been attempts to interpret some of the distinct narrow 
deformation bands (e.g., necking in ductile thin sheets and crazing in some 
polymers) that are generated ahead of the crack tip as a cohesive-zone. For these 
physical “cohesive-zones”, the cohesive characteristics cmax F( , )and G   may be 
determined directly by analyzing the stress and deformation states in the band. For 
example, a cohesive-zone model for ductile fracture in thin sheet materials has 
been developed by treating the crack front of the necking zone as the cohesive-
zone. If such a distinct narrow deformation band is not present, the cohesive-zone 
can only be regarded as a hypothesis or an approximate representation of the crack 
tip process zone and, consequently, the cohesive-zone parameters can only be 
determined by matching the failure stresses. In this case, the stress field near the 
crack tip with a cohesive-zone should be approximately the same as the singular 
field of classical fracture mechanics except in the cohesive-zone and its immediate 
vicinity. These considerations may place some restrictions on the selection of 
cohesive-zone parameters [86]. 
Finally, an overview of some new techniques for crack propagation is presented in 
the following section 
2.8.6 Other techniques 
Apart from the methods mentioned above, there are some other new techniques 
that can be applied to simulate crack propagation using different approaches, such 
as incorporating ideas of quantum mechanics. For instance, Gao and Klein [120] 
developed a method, called the virtual internal bond (VIB) model, in which a 
cohesive type law is directly incorporated into the constitutive model. This is an 
integration of continuum models with cohesive surfaces and atomistic models with 
 
58 
inter-atomic bonding. This is a new technique, and the VIB model can be applied 
directly to simulate crack growth without a fracture criterion. Zhang et al. [121] 
presented a numerical algorithm, using the implicit integration scheme, for the VIB 
model under static loading cases and implemented the material model in ABAQUS 
using the UMAT subroutine. Thiagarajan et al [122] showed that an implementation 
of the VIB model, using an explicit integration scheme, clearly has the potential to 
effectively simulate crack initiation, propagation and branching under both static 
and dynamic loading conditions.  
From the perspective of damage in laminated composites, Aymerich et al. [123] 
examined the potential of the virtual internal bond model for predicting the onset 
and evolution of delamination in unidirectional composite laminates. Good 
agreement was shown between numerical results and analytical solutions under 
both pure and mixed-mode loading conditions. 
2.9 Scale levels for modelling failure in composite materials 
The formulation of failure criteria, that can be used for the design of composite 
structures on a multi-scale approach employ, principally, the concepts of damage 
mechanics [67]. In order to analyse heterogeneous materials, two scale levels are 
considered, which are generally used in the classical vocabulary of homogenization 
[124-126]. These include:  
• the macro scale, which is defined at the level of components. The structure at 
such a scale is analysed as a completely homogeneous continuum, the effective 
behaviour of which is anisotropic in many cases. 
• the micro scale, at which all heterogeneities and/or the constituents of the 
material are accounted for. A distinct picture of the composite’s dissimilar 
constituents, i.e. the matrix and the fibres, can be observed in this case. 
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Micromechanics of composite materials provides a link between these two 
characteristic length scales and is aimed at determining the macroscopic (or 
effective) composite properties through models, which take account of the 
microstructural details.  
It is worthwhile mentioning here that the macro scale, while considering a 
laminated structure, never examines either the ply itself or the arrangement 
(stacking) of the plies. The whole structure is regarded as a homogeneous 
continuum, and an anisotropic constitutive law is used to describe the structural 
behaviour. On the other hand, the micro scale analyses phenomena at the level of 
the constituents. In the case of composite materials, the constituents are the fibres, 
the matrix and, possibly, the fibre–matrix interface. Therefore, at both scales 
mentioned above, the ply is never considered as an entity. The introduction of an 
intermediate scale between the micro and macro scales, i.e. the meso scale, can be 
useful when the materials under consideration are laminated composite materials. 
At this scale the ply is considered as the basic entity for the description of laminated 
structures, and the prediction of laminate failure under applied loads is treated on a 
layer-by-layer basis. The behaviour of the ply, which is considered as homogeneous, 
is supposed to be orthotropic or transversely isotropic in its principal reference 
frame. In the case of transverse cracking and fibre breakages physical degradation 
generally appears inside the plies, or, in the case of delamination failure, between 
the plies. 
At the macro scale, predictions are made to determine the effective properties of 
composite materials, on the basis of the known material properties of their 
constituents. This approach is referred to as a homogenization technique. 
Homogenization techniques are used to obtain the appropriate homogenized (or 
averaged) equations illustrating the mechanical deformation of a representative 
volume element (RVE) of the composite. The size of the RVE is much larger than 
that of the heterogeneities in the microstructure [127]. 
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It is well known that the microstructure has a strong impact on the calculation of 
the effective properties of heterogeneous materials. The representative volume 
element of a microstructure plays a central role in the mechanics and physics of 
random heterogeneous materials, with a view to predicting their effective 
properties. It is an important input for computational mechanics-based simulations 
of the micro-mechanical response of heterogeneous materials such as composites. 
Mathematically, the size of RVE is the infinite length scale limit relative to the 
micro-scale (or the length scale of a single heterogeneity) and where the material 
appears uniform, therefore, continuum concepts are applicable [128]. Different 
researchers defined RVE in different ways. The first formal definition of RVE was 
given by Hill [129], according to which:  
(i) the RVE must be structurally entirely typical of the whole micro-
structure on average, and 
(ii)  the RVE must contain a sufficiently large number of micro-structural 
heterogeneities for the apparent overall moduli to be effectively 
independent of the surface values of traction and displacement, as long 
as these values are ‘macroscopically uniform’.  
The size of RVE can be associated with a given precision of the evaluation of the 
intended overall property and the number of realizations of a given volume V of 
microstructure that one is able to consider. It is shown to depend on the 
investigated morphological or physical property, the contrast in the properties of 
the constituents, and their volume fractions [130].  
Homogenization methods offer analytical or semi-analytical constitutive equations 
in linear and non-linear problem domains, which can be implemented as input in 
structural analysis for the composite behaviour. However, they do not account for 
the effect of damage because the damage is triggered by the extreme values, while 
the homogenization techniques provide the averaged value. In addition, damage 
leads to rapid localization of the deformation. The influence of this phenomenon on 
the macroscopic properties cannot be captured easily with techniques that rely on 
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averaging theorems [131]. Thus, these methods give no information on the damage 
mechanisms acting at the micro-scale, such as; matrix cracking, fibre/matrix 
debonding or failure, which are usually responsible for macroscopic failure and 
damage of the material. 
The damage and failure behaviour of heterogeneous materials is closely linked to 
the micro-scale information of the local stress and strain fields, for a given 
macroscopic loading states. The estimation of these micro fields is referred to as 
localization and such approaches are normally named as periodic micro-field 
approaches. Here the spatial placements of the reinforcements are assumed to be 
at prescribed (regular) locations. The macroscopic properties are determined from 
the numerical or analytical simulations of the mechanical response of a unit cell 
with symmetric (or anti-symmetric) boundary conditions, which reflect the 
microstructural symmetries [132]. Such approaches overcome the first limitation of 
homogenization techniques by having the capability to obtain the complex stress 
and strain fields induced in the matrix and reinforcements by deformation. 
However, their limitation is the periodicity assumption, which depicts that damage 
nucleates and evolves concurrently throughout the microstructure. This is in 
contrast to the experimental observations, which show that damage is initially 
confined in small regions of the material and spreads progressively with 
deformation [133]. Experimentally, it is well established that damage nucleation in 
polymer- and metal–matrix composites occurs in regions of the microstructure 
where there is a high local volume fraction of reinforcements [134-135]. Therefore, 
in order to produce models by simulating deformation and damage in composites, it 
is necessary to include inhomogeneous reinforcement distributions thus accounting 
for this randomness. 
2.10 Microstructural randomness in laminates 
Being formed of different constituents, composite materials exhibit a substantial 
extent of heterogeneity. One of the main challenges in solid mechanics lies in the 
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transition from a heterogeneous microstructure to an approximating continuum 
model. Therefore, the analysis of these materials at the microstructure level is 
generally concerned with manufacture-induced defects such as fibre/matrix 
debonding, interface cracks, micro-voids, fibre ruptures and kinks, etc. These 
defects are distributed randomly and they not only result in deterioration of the 
material's properties but also serve as stress concentrators and, hence, nuclei of 
macroscopic fracture initiation and affect the composites' randomness. Another 
source of spatial randomness in a material's properties is a non-uniform distribution 
of their constituents, which is very important for many types of laminates [136]. 
Therefore, an important factor affecting the damage mechanisms in carbon fibre-
reinforced laminates is the randomness exhibited by these laminates at the 
microstructure level. This microstructural stochasticity affects the multi-mechanism 
damage evolution of CFRP laminates under loading, thus influencing their 
performance. 
In many micromechanical analyses (both numerical [137-138] and analytical [139-
140]) of fibre-reinforced composite materials, an assumption of spatial periodicity 
of their microscopic properties is employed, i.e. it is considered that the material 
has an ordered (deterministic) distribution of fibres. Such periodic distributions 
(called regular fibre packing), based typically, on square or hexagonal layouts, are 
used in representative volume elements. This periodicity assumption, while 
maintaining a reasonable degree of approximation to the reality in many aspects, 
offers immense simplicity to the analysis of the problem. With regular packing, due 
to the periodicity on the transverse plane, symmetry conditions can be utilized to 
introduce unit cells with proper boundary conditions (displacements and/or 
tractions) [141]. 
Employing this periodicity assumption, effective properties for composite materials 
can be computed, and various homogenization theories and two-scale methods 
have been developed under this assumption. Those theories have been applied to 
simulate fibre-reinforced composite materials with linear and non-linear behaviours 
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[137, 142-143]. However, conventional fibre-reinforced composites are far from 
being ordered materials since fibres are usually randomly distributed in the matrix. 
The fibre distribution often exhibits fibre-rich and fibre-poor regions. This can be 
easily seen with simple optic microscopy, for a UD laminate cured in an autoclave, 
as shown in Fig. 2.7. 
In the following paragraphs, some of the contributions are reviewed from literature, 
where the authors have accounted for the effect of microstructural randomness in 
CFRP laminated composites while analyzing their failure and damage mechanisms. 
 
Fig. 2.7 Transversal cross-section of a carbon fibre-reinforced unidirectional 
laminate demonstrating spatial randomness in the distribution of fibres 
Wang et al. [144] were among the first to consider the location of matrix cracks as a 
statistical quantity in their models. A stochastic simulation model for the growth of 
multiple matrix cracks in cross-ply laminates subjected to both static and fatigue 
loads was presented. Fukunaga et al. [145] combined the shear-lag approach with 
stochastic analyses to study progressive matrix cracking in carbon fibre cross-ply 
laminates. Also, statistical analysis was carried out by Pyrz [146] for the 
quantification of random distributions of fibres and their effect for three 
experimentally obtained distributions of fibres. Baxevanakis et al. [147] 
demonstrated a high level of spatial non-uniformity for a composite by applying the 
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image analysis technique to cross-sectional areas of T300/914 specimens. In that 
composite with an average volume fraction of fibres 55.9%, the local minimum and 
maximum levels of the observed volume fractions were 15% and 85%, respectively. 
Such dispersion and scatter undermines any use of schemes, based on ideal 
periodic or quasi-periodic arrangements of fibres, to estimate the effective 
properties and, especially, failure parameters of such composites. Bulsara et al. 
[148] presented their study of the RVE size appropriate for characterization of the 
initiation of damage under a tensile load normal to fibres in a unidirectional 
composite. That work revealed that the scatter among random realizations of RVE 
varies with the RVE size, and the appropriate size of the RVE should be linked to the 
lowest scatter. Tewari and Gokhale [149] emphasized the importance of nearest-
neighbour distances as a class of spatial descriptors useful in Materials Science and 
other disciplines. This descriptor plays a very important role in the analysis of the 
mechanical response and failure behaviour of unidirectional composites. The 
nearest- neighbour distances were presented for random mono-sized fibres in 
uniaxial fibre composites, and a simple expression was proposed for the mean 
values of first-, second-, and third-order nearest-neighbour distances. Silberschmidt 
[150] established that cross-ply carbon–epoxy laminates demonstrated a 
considerable extent of randomness in the distributions of transverse cracks in 90o 
layers and studied the effect of microstructure randomness on the distribution of 
matrix cracks in those laminates [151]. Solutions for sets of cracks with minimum 
and maximum spacings were performed, which in a majority of cases provided 
lower and upper bounds, respectively, for macroscopic properties of the laminates. 
It was concluded that the behaviour of specimens with multiple matrix cracks 
cannot be always reduced to the analysis of a single unit cell under the assumption 
of equal crack spacing. 
Trias et al. [152] showed, by comparing stress and strain distributions obtained with 
periodic and random models for a carbon fibre-reinforced polymer that periodic 
models can be used to assess effective properties but random ones must be 
considered for simulations of local phenomena such as local damage or matrix 
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cracking. Silberschmidt [153] further contributed to this topic by presenting a lattice 
model to study damage and fracture evolution in laminates, linking microstructural 
randomness with macroscopic properties and demonstrating that a random 
character of the fibres’ distribution resulted in fluctuations of local elastic moduli in 
composites, the bounds of which depended on the characteristic length scale. An 
example of simulations of matrix cracking in a carbon fibre/epoxy cross-ply laminate 
was also given. A detailed analysis into the effect of the composite’s randomness on 
its effective properties and on the development of matrix cracking under tensile 
fatigue was presented. 
The effect of a random spatial distribution of fibres introduces variations in the local 
properties of composites. This non-uniform distribution not only affects the 
effective properties of composite materials but is also a crucial factor in the 
initiation and development of damage and fracture processes that are also spatially 
non-uniform. The spatial distribution of particles and the onset of damage 
determine important mechanical properties of composites. Such randomness in 
microstructure and in failure evolution is responsible for non-uniform distributions 
of stresses in composite specimens even under externally uniform loading, 
resulting, for instance, in a random distribution of matrix cracks in cross-ply 
laminates [153]. As an example, for the estimation of the extent of non-uniformity 
in the spatial distribution of constituents in carbon/epoxy laminates, a micrograph 
of the ply's cross-sectional area, incorporating a sufficiently large number of fibres 
was analysed by Silberschmidt [154]. The distance between the nearest neighbours 
(fibres) was one of the several parameters introduced in this study to quantify the 
spatial randomness. 
The histogram in Fig. 2.8 shows that even if a large number of fibres have a spacing 
to their nearest neighbour of less than 1 m , still a significant number of fibres 
have the respective spacing outside this interval, in some cases up to five times 
larger. Some fibres within this 1 m  are also in contact with their neighbours and 
some have other spacings between their neighbours. 
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Fig. 2.8 Distribution of distance between the nearest neighbours in the set of 
carbon fibres in a lamina (from [154]) 
Yang et al [155] developed a numerical method using cohesive elements to analyze 
two-dimensional crack propagation in a concrete specimen under uniaxial tension 
by considering the fracture properties as spatially-varying Weibull random fields. 
Extensive Monte Carlo simulations resulted in the conclusion that the 
homogeneous model, assuming uniformly distributed fracture properties 
throughout the domain of analysis, predicted incorrect/unrealistic crack patterns 
and load–displacement curves with strong mesh-dependence, whereas the 
heterogeneous model predicted realistic, complicated fracture processes and load-
carrying capacity of little mesh-dependence. An analytical approach for the 
estimation of the failure probability of a laminated composite plate under general 
in-plane loading was developed by Lekou and Philippidis [156]. The mechanical 
properties of the material, such as strength and stiffness, were considered as being 
stochastic. It was revealed that ignoring the stochastic nature, i.e. variability in the 
material stiffness, could lead to an overestimation of the reliability of laminated 
composite structures. Alkhateb et al. [157] presented two stochastic micro-
mechanic models with good predicting capabilities for the failure probability of 
random composites. The authors studied quasi-static crack growth in composite 
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materials with randomly distributed fibres using these models. Characterization of 
fracture was carried out and effective stress–strain graphs in 2D random 
composites subjected to a uniaxial in-plane uniform strain were obtained.  
There were two contributions recently, where the authors presented a 
characterization of the microstructure of laminates. The characterization and the 
quantification of the anisotropic character and the RVE determination of 
unidirectional CFRP composite with high-fibre volume fraction was carried out by 
Thomas et al. [158] using large optical images and spatial descriptors. Employing 
numerous morphological descriptors, sensitive to the direction of examination to 
investigate the anisotropy of the microstructure of the laminate, it was concluded 
that the covariance function was a relevant descriptor for the anisotropy. The 
covariance plot for two orthogonal directions (0° and 90°) highlighted considerable 
differences chiefly for small distances (< 100 m ), that were linked to contributions 
by the inter plies. It confirmed that those two particular directions were main ones 
and also underlined a low anisotropic factor (1%). The study by Davies et al. [159] 
showed that the technique of μXRD (micro X-ray diffraction) can be utilized to 
characterize fibre-reinforced composite materials, and an extensive range of 
different parameters can be obtained. They investigated the in situ deformation of a 
cross-ply laminate specimen and observed some interesting phenomena related to 
stress transfer in such laminates. These included stress concentrations in fibres 
adjoining the open hole and local shear forces acting upon fibres perpendicular to 
the deformation axis. This technique was also capable of the estimation of a 
number of mechanical parameters, such as, transverse strain and longitudinal 
stiffness in addition to imaging the sample.  
Concluding this discussion, it is apparent from available research that CFRP 
laminates demonstrate a random/heterogeneous nature in the distribution of their 
constituents at the microscopic scale. This randomness is significant and affects the 
damage in these materials. This work emphasizes the fact that such spatial non-
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uniformity should be directly taken into account in damage analyses of structures 
made from these materials. 
2.11 Summary 
Presented in this chapter is a review of available research work addressing the 
damage in CFRP laminated composites. The main areas related to this topic were 
reviewed and important conclusions are summarized below. 
The basic principles of available methods and their implementation to the analysis 
of damage in laminated composites were discussed. The models that are suitable 
for analysing the various failure mechanisms in such laminates were also presented.  
Several failure criteria for composites were reviewed. However, it is clear that there 
is no definitive failure criterion for composites. However, damage mechanics-based 
models have shown significant success in modelling interfacial degradation in 
laminated composites. The microstructural randomness exhibited by CFRP 
laminates was identified as an agent affecting the reliability and durability of these 
laminates. 
Based on the review presented, it can be seen that extensive work has been done 
on the modelling and analysis of damage in laminated composites with their failures 
being modelled with CZM and CDM models. However, the microstructural 
randomness exhibited by these laminates and its effect on the course of damage 
initiation and propagation is an area requiring further attention. Thus, developing a 
progressive cohesive failure model for delamination in laminated composite 
materials having the capability to account for microstructural randomness is the 
main focus of this research. This goal will be achieved by a progressive damage 
modelling method using the FE package MSC Marc.  Only a few previous attempts 
have been aimed at analyzing heterogeneous materials damage, and none 
specifically for laminated composite materials. Also previous efforts were in the 
two-dimensional domain, which doesn’t give the full picture of the damage 
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scenarios. Three-dimensional simulations are also required to elucidate specific 
features of various damage modes and their interaction.  
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Chapter 3: Modelling methodology and techniques 
3.1 Introduction 
The aim of this chapter is to explain the basic techniques used throughout the 
project. Various aspects of the cohesive-zone modelling technique from basic 
parameters to its implementation using the finite-element method are described. 
An insight into considerations and assumptions used to achieve computationally 
viable solutions for damage in real CFRP laminates are also presented. The abilities 
of the employed finite-element software, MSC Marc, to simulate the problem of 
damage in CFRP laminates are also discussed. Special attention is paid to the 
selection of elements from the element library, based on the formulation of the 
elements and their abilities to model degradation due to damage in the laminates 
under study. In addition to this, various points such as solvers for the solution, the 
residual tolerance values and the viscous dissipation requirements are also 
discussed. All these aspects and the techniques employed for solving the problems, 
are elaborated one by one in the following sections. 
3.2 Finite-element method 
The basic feature of the finite element method is the spatial discretization of an 
arbitrary geometry into an assembly of non-overlapping simply shaped elements 
connected at their common nodes. These areas are referred to as finite elements or 
sub-domains. The shape and size of the finite elements may depend on a number of 
factors, for instance on the geometry of the given structure. The finite element 
discretization transforms a continuous boundary-value problem into an algebraic 
system of equations for the discrete nodal displacements of a given finite element 
mesh. This transformation is done by converting the governing differential 
equations of the phenomenon under study to weak form (integral form) using 
variational principles. The complexity of the response of composite materials and 
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the difficulty in predicting structural modes of failure result in the need for careful 
research work.  
3.3 Cohesive-zone modelling 
Fracture processes in brittle matrix composites are mostly associated with the 
development of a very narrow band, named the process zone, where non-linear 
deformation occurs (see Fig. 3.1). This zone arises prior to complete fracture in 
fibre-reinforced composites [11]. The non-linear mechanisms, for example, 
formation, coalescing and branching of micro-cracks, debonding, etc. can dissipate a 
considerable amount of energy, so that additional external work is required for a 
sustained growth of the macro-crack. As a consequence, the intrinsic fracture 
toughness of the material is increased [160]. The cohesive-zone model (CZM) 
presents an approach to study and deal with the failure of such composites and has 
been creating an increasing interest during the last decade with regard to the 
simulation of fracture in metallic, polymeric, and ceramic materials, as well as 
composites based on them [90-95]. The CZM approach works by reducing the effect 
of the nonlinear crack process zone to a line or plane of displacement discontinuity 
(generalized crack), and the degrading mechanisms in the fracture process zone are 
characterized by a stress–displacement relationship across this line or plane. 
 
Fig. 3.1 Schematic illustration of cohesive-zone 
Fracture, from the viewpoint of the cohesive-zone methodology, is looked upon as a 
gradual phenomenon involving the severance or separation of the crack faces for an 
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extension of the crack tip (or cohesive-zone), with the separation process controlled 
by cohesive tractions [91]. Crack growth occurs when the separation at the tail of 
the cohesive-zone (physical crack tip) reaches a critical value, at which the cohesive 
traction vanishes. Within the cohesive-zone approach, crack nucleation, 
propagation and arrest are natural outcomes of the theory. 
In the CZM approach, a layer of cohesive elements is introduced at the separation 
interface, in between the continuum elements. Constitutive properties of these 
cohesive elements describe the evolution of cohesive traction (stress) with opening 
of the interface (opening displacement). Hence, the cohesive-zone elements 
describe the cohesive forces, which occur when material elements are being pulled 
apart, instead of representing any physical material. On the occurrence of damage 
growth, these cohesive elements open to simulate crack initiation and growth.  
The constitutive behaviour of the cohesive elements is given by a traction-
displacement relationship, called the traction-separation law or cohesive law. 
Cohesive elements serve the purpose of bridging the nascent surfaces and direct 
the separation of these newly formed surfaces in accordance with this traction-
separation law. The traction is a function of opening displacement, i.e. 
 ( ) ,  f  (3.1) 
where  is the traction and  is the opening displacement. 
3.3.1 Choice of traction-separation law 
The failure behaviour of materials under analysis in the cohesive-zone model is 
defined by traction-separation laws. These relations determine the constitutive 
behaviour of cohesive-zone models by describing the tractions as a function of 
separations. Two common assumptions in this regard are used: (i) the dependence 
of the cohesive stress only on the local opening ( )   and (ii) there exists a critical 
opening c , ahead of which the cohesive stress vanishes. A diverse range of 
different traction-separation laws can be found in the literature [81-84, 87-89, 161] 
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but all of these laws exhibit the same global behaviour, i.e., the value of cohesive 
traction first increases as the cohesive surfaces separate until a maximum value of 
traction is reached, and, subsequently, the traction decreases to zero, resulting in 
complete (local) separation. This process applies to tractions in both normal and 
shear directions. 
For the present application under study, i.e. carbon fibre-reinforced laminates, a bi-
linear traction separation law was employed to describe the damage and fracture 
behaviour. A number of researchers [69-70, 96, 110, 162] have used this type of 
traction-separation law for laminated composites. A general form of the law 
incorporating both normal (mode I) and shear (mode II) parameters is shown in Fig. 
3.2 where the subscripts n, t and m  are the normal, sliding and mixed-mode values 
of opening displacement, respectively. 
 
Fig. 3.2 Bi-linear mixed-mode traction separation law, after [30] 
A detailed description of a two-dimensional form of the bi-linear traction-
separation curve is shown in Fig. 3.3. The parameters that govern this traction-
separation law are described in the following section. 
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Fig. 3.3 Graphical presentation of bi-linear traction-separation law 
3.3.2 Parameters of bi-linear traction-separation law 
The parameters for the bi-linear cohesive (traction-separation) law are described 
below. 
a. Tripping traction max  
 The tripping traction, denoted by max on the graph in Fig. 3.3, is the maximum 
separation traction, and corresponds to the damage initiation point. 
b. Cohesive energy FG  
The cohesive energy, commonly known as the fracture energy, is the amount of 
energy necessary to create a unit area of a completely open crack. It is the 
energy necessary to cause complete fracture in a fixed unit area, i.e. the energy 
dissipated at a unit area of fixed location (a material surface element) when the 
crack runs through it up to complete fracture. FG  is given by the area under the 
traction-separation curve (Fig. 3.3). 
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c. Critical opening displacement c  
This value corresponds to the displacement at the point of maximum traction 
max . 
d. Maximum opening displacement f  
This is the maximum value of displacement taken at complete separation of the 
cohesive surfaces. 
e. Stiffness of cohesive law K  
The initial stiffness of the cohesive law corresponds to the stiffness of the crack 
or interface in the material. Theoretically, this value should be infinitely high in 
order to avoid a change in compliance behaviour of the material linked to the 
cohesive-zone elements. But for the formulation of the problem using the 
finite-element method, a finite value of stiffness is required. 
An analytical approach successfully used by some researchers is to use the 
transverse modulus of the surrounding material and its thickness to calculate 
the cohesive-zone stiffness. This is given by [70] 
 33
E
K
t
 (3.2) 
Where 33E is the modulus of the resin rich-zone and t is the thickness of 
surrounding material. For the present work, the initial value of stiffness was 
obtained by using equation (3.2).  After obtaining the value of K from this 
relation, simulations were carried out to find the maximum value of K for 
which solution convergence was obtained. It ensured that the effect of 
cohesive-zone stiffness on the model compliance was minimal, thus avoiding an 
inaccurate representation of the mechanical behaviour of the crack. 
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The traction-separation (stress–relative displacement) curve can be subdivided into 
three main parts, as shown in Fig. 3.3, and described below with the corresponding 
constitutive equations [70]:  
(i) The portion for c  presents the elastic part where linear elastic 
deformation occurs and is characterized by an increase in the traction across 
the interface until it reaches the maximum. The stress in this portion of the 
law is linked to the relative displacement via the interface stiffness K  by the 
relation 
 .  K  (3.3) 
(ii)  The part of the graph presented by the segment for fc    is known as 
the softening part. Here, the traction across the interface decreases then 
vanishes and the two layers separate without the external force. The 
damage accumulated at the interface is characterized by a variable D , which 
has a zero value in the virginal (undamaged) state and attains a value of one 
when the material is fully damaged. The constitutive equation for this 
portion is given by 
 (1 ) ,  D K  (3.4) 
where D  is calculated as follows: 
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From Fig. 3.3 the opening displacements are given by 
 c max ,

 
K
 (3.6) 
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and f F
max
2
.


G
 (3.7) 
(iii) The portion of the graph for f   is called the decohesion part. Separation 
or decohesion of the two parts is complete and there is no more bond between 
them. The value of traction across the interface drops to zero as the crack 
initiates, moving towards the final fracture. Interpenetration is prevented by 
reapplying only the normal stiffness, ,K  in the case when a crack closure is 
detected. 
The area under the curve is the fracture energy, F ,G for a particular mode. It has 
the dimensions kJ/m2 and is formally defined as 
 
f
F 
0
( ) ,

   G d  (3.8) 
where ( )   is the traction and f is the maximum crack separation.  
In the following section the damage initiation and propagation criteria, on which 
the results of present work are based, are defined. 
3.3.3 Damage initiation/propagation 
In Fig. 3.3, the damage onset point refers to the beginning of degradation in the 
response of the cohesive-zone to external load. This degradation process begins 
when the specified damage initiation criterion is satisfied. The criterion may be 
formulated in terms of stresses, strains, displacements or specified as a specific 
input to the numerical model. 
For the present study, damage initiation was defined in the FE model, when the first 
cohesive element was fully damaged (failed), and was formulated using the values 
of critical and maximum opening displacements. This corresponds to the point 
where the value of the damage variable, ,D  becomes unity, one of the conditions in 
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equation(3.5). Once the damage initiation criterion is met, the material continues to 
degrading until the point of full separation is reached. The rate at which this process 
occurs is described by the damage evolution law.  
In this work, the damage propagation point is the point corresponding to the 
maximum load taken by the structure. This value is the critical load. After this point, 
damage propagates until full separation is reached.  
3.3.4 Standard formulation of the cohesive-zone model 
For materials such as fibre-reinforced composites with a fracture process zone 
ahead of the crack tip during the crack growth, a cohesive model can be employed 
to describe the fracture process. For the implementation of this model three main 
components need to be defined for the purpose of constitutive modelling of 
materials. These components are as follows [100]: 
1. The stress–strain behaviour of the material in absence of cohesive cracks, as 
described by classical constitutive modelling.  
2. The initiation criterion, which determines the conditions of crack initiation as 
well as the orientation of the newly formed cohesive crack.  
3. The evolution law for the cohesive crack, which relates the stresses between 
its faces to the displacement between them. 
In a cohesive-zone model for a general 3D stress state, the constitutive behaviour is 
given by the traction-displacement relationship, obtained by defining a potential 
function of the type [100] 
 n t1 t2( , , ) ,      (3.9) 
where n t1 ,  and t2   are normal and sliding displacement jumps. The displacement 
jump is the interfacial separation and is the difference of the displacements of the 
adjacent interface surfaces as marked by top and bottom surfaces in Fig. 3.4: 
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 TOP  BOTTOM .  u u  (3.10) 
  
Fig. 3.4 Schematic of interface elements 
The interface tractions are given by: 
 n
n
;



 

T  (3.11) 
 t1
t1
;



 

T  (3.12) 
 t 2
t2
.



 

T  (3.13) 
The shear or sliding separations and the tractions have two components− 1t and 2t
−in the element's sliding plane and we have 
 2 2
t t1 t2( ) .     (3.14) 
This section explained the formulation of the cohesive law with all the components, 
i.e., normal and sliding. In the next section, the mode-mixity and account for it in 
this project is described. 
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3.3.5 Account for mode-mixity 
The majority of cohesive-zone laws have a (partial) coupling between normal and 
tangential directions. There are two commonly used ways to achieve this coupling, 
i.e., by 
(1) Utilization of an effective opening displacement and/or  
(2) Using coupling parameters. 
For the present work the second option, i.e. the use of coupling parameters 
between the normal and shear components was utilized where required. 
 The first part of the work dealing with unidirectional DCB specimens are a mode-I 
opening problem so an uncoupled cohesive law is employed using only the normal 
components of opening displacements. 
For the subsequent work where cross-ply CFRP laminates are analyzed under 
tension, coupled cohesive laws were used. Fracture along the interface between 0o 
and 90o plies has a mixed-mode nature due to material property asymmetry and 
needs to be accounted for by the cohesive-zone model while dealing with 
interlaminar cracks. This mode-mixity was taken into account by introducing the 
shear/normal coefficient   (also called the coupling parameter) available in the 
MSC Marc software for maximum stress (traction of the cohesive law) and cohesive 
energy (fracture energy) given by: 
 
shear traction
,
normal traction
   (3.15) 
for traction and for fracture energy, 
 
cohesiveenergyin shear
.
cohesiveenergyin tension
   (3.16) 
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3.4 Solution of the problem 
Iterative methods were employed for all the finite-element solutions in this work. 
The solver used was  iterative sparse . The iterative methods are based on
   preconditioned conjugate gradient method . The single biggest advantage of these 
iterative methods is that they allow the solution of very large systems at a reduced 
computational cost, regardless of the hardware configuration [163]. Also, due to the 
non-linearlties present in the behaviours under study in this work (cracks) and also 
the introduced non-linearity (viscous dissipation), iterative methods are required, as 
direct methods cannot solve such problems. 
In MSC Marc the default iterative method is the Newton-Raphson method, which is 
an incremental-iterative method, given in the general form by: 
n
n 1 n
n
( )
,
( )
   
f x
x x
f x                               
 (3.17) 
This method iterates to a solution using the equation 
 
T[ ][ ] [ ] [ ], K u F R  (3.18) 
where TK is the tangent stiffness matrix in a non-linear system and is a non-linear 
function of displacement u . F  is the applied load vector and R is the residual or 
out of balance force vector. Equation (3.18) can be written in incremental form as 
                   
T[ ][ ] [ ] [ ],K u F R                        (3.19) 
The default procedure for convergence criterion in MSC Marc compares the 
magnitude of the maximum residual load to the maximum reaction force [163]. This 
method is suitable due to the fact that the residuals measure the out-of-equilibrium 
force, which should be minimized and also because this technique is appropriate for 
the Newton methods, where zero-load iterations reduce the residual load. A value 
of residual of 0.02 was used for all the simulations in this work. The iterative 
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process terminates when the convergence ratio is less than the value of 0.02. 
Alternatively, it can be said that for the iterative solution to achieve convergence, 
the residual must be less than 2% of applied load i.e. 
 residual
reaction
0.02,
F
F
 (3.20) 
where residualF is the maximum residual force and reactionF is the maximum reaction 
force. 
3.4.1 Viscous dissipation 
Nearly in all the finite-element analysis softwares being used nowadays, a 
dissipation model has been provided in order to evade convergence problems. The 
basic idea of the dissipation model is to stabilize the solution by activating the so-
called viscous energy dissipation since upon the onset of delamination; the FE 
analysis may become instable. This is particularly useful in a finite-element 
simulation of delamination because the rate of deformation may swiftly increase, 
when delamination is initiated. The value of the dissipation needs to be very small 
so that it does not have any appreciable effect on the overall solution. A value of 
0.0002 (0.02%) was chosen for the viscous energy factor for all the simulations in 
this work, which is in agreement with a standard practice [164]. Equation (3.18) 
when used with the viscous enrgy dissipation, wil take the form 
    
T[ ][ ] [ ][ ] [ ] [ ],  c u K u F R                  (3.21) 
where c  is the damping coefficient and 
du
u
dx
. 
3.4.2 Boundary conditions 
The boundary conditions prescribed for the two types of specimen configurations 
analysed in this work are described in this section. 
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Unidirectional DCB model 
For the DCB model, as shown in Fig. 3.5, displacements of all the nodes of the 
model at one end are constrained for all the three translational degrees of freedom 
of the element. 
 
Fig. 3.5 Boundary conditions for DCB model 
Displacement-controlled analyses are performed by applying vertical displacements 
(in y-direction) to the arms of the DCB. The displacement was applied by ramping it 
using the table option in MSC Marc. 
Cross-ply laminate model under tension 
The specimen studied in the second part of the research is a cross-ply laminate 
[0/902]s shown in Fig. 3.6. Generally, due to the symmetry of cross-ply laminates, in 
3D finite-element simulations only one octant of the specimen can be modelled in 
order to reduce the problem size and, subsequently, the analysis time. But in cases 
with random distributions of cohesive-zone elements, a full specimen should be 
modelled due to the symmetry break. For the present work, however, a half of the 
specimen length was simulated to run effectively a number of statistical 
realizations. The overall dimensions of the model are, length = 30 mm, width = 2.5 
mm, and thickness (height) = 0.75 mm (six plies of 0.125 mm thickness each). All the 
boundary conditions are shown on the figure. Displacement-controlled analyses 
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were carried out with displacement applied as xu as shown in Fig. 3.6. Displacement 
was applied by ramping it using the table option in MSC Marc. 
 
Fig. 3.6 Boundary conditions for cross-ply laminate [0/902]s model under tension 
3.4.3 Meshing and element formulation 
Two-dimensional analyses 
The continuum model is meshed using element Type 11, which is a four-node, iso-
parametric, arbitrary quadrilateral element used for plane-strain applications, as 
shown in Fig. 3.7. This element is a fully-integrated element. 
 
Fig. 3.7 Element Type 11 [163] 
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In order to improve the bending behaviour of these continuum elements, 
incompatible modes were employed in the FE analyses of the double cantilever 
beam using the ‘assumed strain’ formulation, available in MSC Marc. This procedure 
replaces the standard linear interpolation functions with an enriched group that is 
able to represent pure bending behaviour and can substantially improve the 
accuracy of the solution. Even though this increases the stiffness assembly costs per 
element, it improves the accuracy [163]. The four-point Gaussian integration is used 
in forming the stiffness of this element. Large deformations were taken into 
account for the analyses to account for the non-linear behaviour. 
The incompatible modes need not to be taken into account for the problem of 
tensile loading of the cross-ply laminate specimen. 
On the other hand, to discretize the cohesive-zone, the element used was Type 186, 
as shown in Fig. 3.8 [163].  
 
Fig. 3.8 Element Type 186 
This element is a mechanical four-node planar interface element, which can be used 
at the interfaces to simulate the onset and progress of delamination in two-
dimensional models. The connectivity of this element is shown in Fig. 3.8 where 
nodes 1 and 2 correspond to one side of the interface while nodes 3 and 4 
correspond to the other and can be named as top and bottom faces ,respectively. 
The stress components of the element are one normal and one shear traction, 
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which are expressed with respect to the local coordinate system, specified in Fig. 
3.8. The relative displacements of the top and bottom edges of the element provide 
the corresponding deformations. The element is allowed to be infinitely thin, in 
which case the edges 1-2 and 3-4 coincide. 
The cohesive elements are created using the matching boundaries option which is a 
relatively new feature introduced in version 2007r1 of MSC Marc. This technique 
allows introducing zero-thickness cohesive elements and works by initially splitting 
a continuous finite-element mesh into two disjunctive parts and connecting 
corresponding nodes on opposite sides of the split with interface elements. This 
process disengages elements from their neighbours by duplicating nodes and 
changing element connectivities. The new boundaries on opposite sides of the split, 
which are created in this process, are stored pair-wise in a so-called matching 
relation [163]. This relation establishes a one-to-one correspondence between the 
nodes on opposite sides of the split. Mesh generation commands recognize 
matching relations between boundaries and preserve them. Depending on the 
element classes involved, the matching relation is defined by pairs of corresponding 
element nodes (for 1-D matching boundaries of beam, truss or axisymmetric shell 
elements), pairs of corresponding element edges (for 2-D matching boundaries of 2-
D solid or 3-D shell elements) or pairs of corresponding element faces (for 3-D 
matching boundaries of 3-D solid elements). Establishing a one-to-one 
correspondence between the nodes of matching boundaries can be assured by 
making the corresponding edges and faces of 2-D and 3-D matching boundaries of 
the same class [163]. 
Three-dimensional analyses 
The element used for meshing was a 3D element of Type 7 available in the MSC 
Marc element library. Element 7 is an eight-node, iso-parametric, arbitrary 
hexahedral element, as shown in Fig. 3.9.As with element Type 7, incompatible 
modes were also employed for this element in the delamination analyses of the 
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DCB specimens in order to improve the bending behaviour of these continuum 
elements. 
 
Fig. 3.9 Element type 7 used for meshing 3D model [163] 
The cohesive element used for the simulation of delamination in three-dimensional 
model was Type 188. This is a mechanical eight-node three-dimensional interface 
element having the connectivity, as shown in Fig. 3.10. The surface of the element 
containing nodes 1, 2, 3 and 4 correspond to the top surface of the element while 
nodes 5, 6, 7 and 8 are for the bottom surface. The stress components of the 
element are one normal traction and two shear tractions, which are expressed with 
respect to the local coordinate system. The corresponding deformations are the 
relative displacements between the top and the bottom surfaces of the element.  
 
Fig. 3.10 Formulation of element Type 188 
Due to the computational issues, higher order elements were not used, as a number 
of statistical realizations were required in this project, to elucidate the effect of 
material randomness on delamination in laminates. 
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3.5 Weibull distribution 
This type of statistical distribution is often used in the field of life data analysis due 
to its flexibility. The Weibull distribution is a versatile distribution that can take on 
the characteristics of other types of distributions, based on the value of its shape 
parameter,  . It can mimic normal and exponential distributions. This distribution 
has been used by other researchers for introducing spatially non-uniform data of 
fracture energy in non-linear fracture mechanics problem. 
The two-parameter Weibull probability density function for a random variable  
FG  
is given by 
 
1
F F
F( ) exp ;
     
          
G G
P G
 

  
 (3.22) 
where 0   is the shape parameter and 0   is the scale parameter of the 
distribution. The corresponding cumulative distribution function is given by the 
exponential function 
 FF( ) 1 exp .
  
       
G
C G


 (3.23) 
3.6 High-performance computing 
The high performance computing service facility available at Loughborough 
university, was utilized in this research work for running non-linear 3D finite-
element models requiring high computational power since the desktop computer 
was inefficient for such computations. This facility is a parallel computing facility 
supporting research activities of the University and has the following specifications: 
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A 16-node 64-bit cluster, consisting of 6 compute nodes, each having two dual-core 
Itanium 1.6 GHz CPUs, and 16 GB of main memory. The approximate memory 
available for users for storage of data is 3 TB. 
This facility was very helpful in reducing the overall time of the computations 
compared to a standalone PC and making the simulations possible within the 
available time. 
3.7 Summary 
This chapter is based on the description of the methods and techniques for 
implementing the damage behaviour of composites using the finite-element 
analysis method. All the techniques, assumptions and simplifications used in this 
project and their justifications are detailed.  
In the following chapters, the finite-element methods and techniques presented in 
this chapter are employed in modelling the delamination behaviour of laminated 
composites in both unidirectional and multidirectional layups.  
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Chapter 4: Finite-element analysis of CFRP UD laminates: 
Uniform models 
4.1 Introduction 
The methodology for designing high-performance structures of composite materials 
is still evolving. The complexity of the response of composite materials and the 
difficulty in predicting structural modes of failure result in the need for careful 
research work. The finite-element method (FEM), due to the swift development of 
computing power, has been shown to be useful to study and design laminated 
composite materials. FEM is a general numerical scheme for obtaining approximate 
solutions to boundary- and initial-value problems and is employed when obtaining 
an analytical solution is too difficult or impossible, e.g. for complex and intricate 
geometries, boundary conditions, or material microstructure and anisotropy.  
Among all fibre-reinforced composite laminates, unidirectional (UD) laminates are 
perhaps the most comprehensively studied and analyzed in order to comprehend 
and characterize their mechanical properties and performance under various 
loading conditions. Such laminates, made of unidirectional layers have been 
employed in high-performance structural applications taking advantage of their 
properties such as stiffness and high specific strength. These properties can be 
exploited only if the structure’s loading conditions coincide with the direction of 
fibres (reinforcement). 
This chapter aims at studying the delamination initiation and propagation behaviour 
of a unidirectional CFRP laminates by means of finite-element analysis and the use 
of cohesive elements within the FEM framework.  A finite-element, cohesive-zone 
model (CZM) was used to simulate the progress of fracture in a pre-cracked double 
cantilever beam (DCB) specimen loaded under mode-I. The cohesive-zone 
modelling approach works as a combination of a stress-based criterion and a 
fracture mechanics-based one for the initiation and propagation of a crack, 
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respectively. No initial flaw is required in the implementation of the cohesive-zone 
model and both the initiation and propagation phases are captured in a single 
coherent analysis [160]. Its formulation involves mapping the effect of the nonlinear 
crack process zone onto a line (in 2D) or plane (in 3D) of displacement discontinuity 
(generalized crack), and the degrading mechanisms in the fracture process zone are 
characterized by a stress–displacement relationship across this line or plane. 
A layer of cohesive elements is introduced at the separating interface (potential 
delamination path) between the continuum elements of the FE formulation. 
Constitutive properties of these cohesive elements describe evolution of the 
cohesive traction (stress) as the interface is being opened (opening displacement). 
Hence, the cohesive-zone elements describe the cohesive forces, which occur when 
material elements are being pulled apart instead of representing any physical 
material. On the occurrence of damage growth these cohesive elements open to 
simulate crack initiation or crack growth.  
In the first instance, a two-dimensional analysis of the problem was carried out. 
Afterwards, several sensitivity studies were performed with a view to analyse the 
effects of mesh density and of parameters of the cohesive law on the character of 
damage propagation in laminates. The effect of these variations in the numerical 
model was highlighted by comparing the values of critical loads and delamination 
crack lengths for the double cantilever beam specimen. 
In order to obtain a complete picture of the delamination crack propagation, a 
three-dimensional model was also developed and analysed. The cohesive-zone 
model was implemented using a bi-linear traction-separation law for all the 
analyses. 
4.2 Damage in unidirectional laminates 
Damage accumulation in composite materials is a progressive, multi-mechanism 
process [4]; its mechanisms can be generally classified into interlaminar and 
intralaminar ones. Delamination is an interlaminar failure mechanism and is one of 
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the main failure modes in unidirectionally fibre-reinforced polymeric composites. It 
causes degradation of stiffness and strength properties of such laminates, thus 
affecting their structural integrity. Most of the analyses of delamination involve a 
study of its two main stages: a) initiation of delamination (governed by the local 
strength); and b) delamination propagation (governed by the local fracture 
toughness) of an existing delaminated zone. 
The delamination failure mechanism in unidirectional CFRP laminates is studied in 
this chapter for a double cantilever beam (DCB) loaded in mode-I. Several sensitivity 
studies are performed with a view to analysing the effects of mesh density and the 
parameters of the cohesive law on damage propagation in the laminates. 
4.3 Cohesive-zone modelling 
The analysis of fracture development has changed considerably in the last few 
decades. Instead of conventional fracture mechanics, various predictive models 
such as cohesive-zone or traction-separation models are now increasingly being 
used. Cohesive-zone models are established as relatively simple schemes, which are 
easy to implement in FE codes, and, as a result, CZ elements are now available in 
numerous commercial FE packages. 
As a first stage of the analysis of two-mode damage, i.e. matrix cracking and 
delamination in CFRP laminates, this chapter aims to analyze the delamination in 
unidirectional laminates. All the analyses in this chapter are based on the 
assumption of a homogenized material, i.e., the fracture properties are uniform 
throughout the cohesive layer of elements, meaning that the effect of the spatial 
non-uniformity of microstructure is not accounted for. This will be dealt with in the 
following chapter. The problem is tackled by implementing the cohesive-zone 
model in FE software MSC Marc. 
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4.3.1 Problem description 
The delamination failure in fibre-reinforced composites is frequently studied [165] 
by employing the double-cantilever beam specimen, shown in Fig. 4.1. A double- 
cantilever beam test is utilized to determine the mode-I (tensile-opening) 
interlaminar fracture toughness, IC,G  of the material under consideration. Such a 
test, based on a special type of linear-elastic fracture-mechanics (LEFM) test 
specimen, is incorporated in several international test standards. This study is based 
on the standard test method given in ISO 15024 [55]. The specimen is made of a 
unidirectional fibre-reinforced laminate containing an insert, which is a thin, non-
adhesive starter film embedded at the mid-plane, used to simulate an initial 
delamination, as shown in Fig. 4.1. 
 
Fig. 4.1 Double cantilever beam (DCB) specimen with insert 
The standard [55] describes the determination of mode-I interlaminar fracture 
toughness, IC,G for unidirectionally reinforced materials. The test method is limited 
to zero-degree unidirectional lay-ups only. 
4.3.2 Material details 
The test specimen used in the studies reported in [165] was made of a 
unidirectional carbon fibre-reinforced laminate with an epoxy matrix. The volume 
fraction of the thermosetting matrix was nominally 35% by weight and the carbon 
fibres were T400 [166] . The specimen was 125 mm long, 20 mm wide, with twenty 
 
94 
four 0.125 mm thick plies (twelve on each side of the cohesive elements layer), and 
with an initial crack length of 35 mm.  
The CFRP material is presented as a continuum with anisotropic properties while 
the interface properties are governed by a bi-linear traction separation law. The 
properties of the material are: the longitudinal modulus in the fibre direction is 
11 137E  GPa and the moduli transverse to the fibre direction are 8  3322  EE
GPa; the shear moduli are  4 1312  GG GPa and 3.2 32 G GPa. Values of the 
Poisson’s ratio are 12 0.31 , 31 0.018   and 
52.023  . The cohesive-zone 
elements were assigned the fracture parameters such as fracture energy and 
traction-separation taken from [165]. All the cohesive law parameters were fitted 
through numerical simulations with only the fracture energy obtained using the 
critical load value from DCB experimental data. 
Table 4.1 Cohesive law parameters 
Parameter Value 
Transverse modulus, 33E  8 GPa 
Height of the DCB, t  3 mm 
Fracture energy, FG  0.257 kJ/m
2 
Tripping traction,   50 MPa 
Initial stiffness, K  1.6 x 106 N/mm3 
Critical displacement, c  2.19 x 10
-5 mm 
Maximum displacement, f  0.01 mm 
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All the values employed for the cohesive law and some values used for their 
calculation (based on relations mentioned in Section 3.2.2) are summarized in Table 
4.1. 
4.3.3 Modelling 
A delamination growth can be simulated with finite-elements by placing cohesive 
elements between the composite layers. A de-cohesion failure criterion that 
combines aspects of strength-based analysis and fracture mechanics is used to 
simulate debonding by reducing the stiffness due to element softening. The 
interface is described by constitutive equations, which relate the applied stress , 
normal to the interface, to the relative displacement at the interface   given by a 
bilinear traction-separation law. 
A two-dimensional model was initially developed for this study; it is shown in Fig. 
4.2.  
 
Fig. 4.2 Double-cantilever beam model 
In order to model the progressive damage and failure using the CZM approach, a 
pre-defined crack path has to be provided as input to the model. The cohesive-zone 
model simulates the macroscopic damage along this path by specification of a 
traction-separation response between initially coincident nodes on either side of 
the pre-defined crack.  
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It should be noted here that the term ‘crack initiation’ for all the DCB work (though 
specimen is already pre-cracked) will be referred to the point when the first 
element in the cohesive layer is failed completely. 
4.3.4 FE Mesh 
The model was meshed using the elements explained in Section 3.4.3 (see Fig. 3.3 in 
Chapter 3). The edge length used for meshing was 0.2 mm. The cohesive elements 
behave as stiff springs until a critical (maximum) traction (shown as max on the 
traction-separation law in Fig. 3.3) is reached. The spring unloads progressively after 
this point, and this unloading process dissipates energy. The nodes start to separate 
upon unloading and then finally de-bond totally. In such a way, the crack 
propagation and failure evolution can be simulated. The parameters that govern the 
traction-separation law are the maximum traction ( max ) and the energy of 
separation per unit area ( FG ). Care should be taken in defining the cohesive 
elements so that their thickness direction is correct. This direction should be 
pointing in the direction of crack opening, i.e., vertical in the present case (Fig. 4.2). 
4.3.5 Analysis and results 
The analysis was performed with load applied through a prescribed displacement u  
at the ends of the double-cantilever beam, as shown in Fig. 4.3. 
 
Fig. 4.3 DCB with embedded cohesive elements: displacement-controlled analysis 
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As mentioned earlier, to execute crack growth simulations using a damage 
mechanics approach, the constitutive equations introduce a damage variable D  as 
a function of stresses and strain. The value of this variable varies from zero (virgin 
state) to unity (fully damaged state). Crack propagation is represented in terms of 
element softening or removal when the damage variable reaches a critical value. 
The damaged and undamaged parts of the double-cantilever beam are shown in the 
Fig. 4.4. 
 
Fig. 4.4 Damage in cohesive layer of DCB model 
A calculated load-displacement plot for the DCB is given in Fig. 4.5, which gives a 
load of 83.8 N for the critical load applied at point P on Fig. 4.2. This value 
corresponds to point B on the load-displacement plot. 
The instance of damage initiation in Fig. 4.5 is given by point A, corresponding to 
the complete failure of a first cohesive element in the cohesive layer. After point B
, the value of load that the specimen can bear, decreases until the complete failure 
of the structure. The value of the corresponding displacement at this critical load is 
found out to be 4.62 mm.  
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The damage evolution from point A  to point B  is a stable crack growth as the load 
keeps continues to increase with delamination propagation. From point B onwards, 
the value of load decreases and is accompanied by unstable crack growth.  
 
 
Fig. 4.5 Load-displacement diagram for a DCB 
A plot of 22  stresses for the DCB is shown in Fig. 4.6. The highest value of the 
stress, nearly 50 MPa, can be observed, ahead of the crack tip. 
 
Fig. 4.6 22 stresses in DCB 
A contour plot for transverse strain ( 22 ) in the DCB specimen is shown in Fig. 4.7.  
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Fig. 4.7 Plot of strain, 22  
The value of strain at damage initiation, which is taken as the maximum value taken 
ahead of the crack tip is 0.0036. This value corresponds to instance of fully-
damaged first cohesive element in the cohesive layer. 
The variation in damage within the layer of cohesive elements is shown in Fig. 4.8 
starting from a virgin state ( 0D ) in the still intact interface and attaining full 
damage at 1D .  
The damaged and undamaged zones are clearly shown in Fig. 4.8. The damaged 
zone length constitutes the fracture process zone length ( pzL ) and the fully-
delaminated zone length ( DL ), i.e 
 Dam pz DL L L   (4.1) 
The fracture process zone is the part of the cohesive layer in which the value of 
damage variable lies between 0 and 1. So the zones corresponding to three phases 
of damage evolution are (i) the initially linear elastic phase with no damage, (ii) the 
partly damaged softening phase, and (iii) the fully-delaminated phase. 
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Fig. 4.8 Damage in cohesive layer: (a) Contour plot of damage variable in a DCB 
model; (b) Variation in damage along cohesive layer 
The variation in the values of different damage zones is plotted against the applied 
displacement in Fig. 4.9. The difference between two curves can be seen to remain 
fairly constant at approximately 8% higher for the damaged zone when compared 
to the delaminated zone.  
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Fig. 4.9 Variation of damaged zones with displacement 
The damage zone length, DamL (introduced as the sum of the process zone, pzL  and 
delaminated zone, DL  lengths) should always have a value greater than the fully 
developed delaminated zone for a particular displacement. The difference in the 
values of displacement for initiation of these particular zones is around 15% higher 
for the fully delaminated zone when compared to the process zone. 
 
Fig. 4.10 Variation of fracture process zone with displacement 
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The length of the fracture process zone, pzL  is plotted in Fig. 4.10, showing it to 
vary between 0.45 mm and 0.6 mm after an increasing trend from zero to 0.45 mm. 
This plot shows a stick-slip type of behaviour in which there is not a steady 
continuous crack growth, after the value of displacement increases from 3.25 mm. 
The reason for the stick-slip behaviour is that the material demonstrates deviations 
between stable and unstable behaviour without a steady crack evolution. Having an 
element size of 0.15 mm in the simulation, the number of elements in the process 
zone thus varies between 3 and 4 for most part of delamination propagation. 
Analyses of the results were presented in this section for different parameters 
obtained from the FE simulation. In the next section, sensitivity of these results to 
some of the input parameters and mesh size will be investigated in detail, after 
presenting model validation. 
4.4 Model validation 
The cohesive-zone modelling analysis was validated using available experimental 
results [165]. Experimental results were available for the model analyzed in Section 
4.3; the only difference being that the initial crack length for the DCB specimen was 
22 mm. Finite-element analysis was performed for the same specimen 
configuration and a comparative load-displacement plot is shown in Fig. 4.11. 
It can be observed that there is a good agreement between the values of critical 
load and corresponding critical displacement obtained from the experimental 
results and those predicted from the numerical FEA model. The difference in the 
results may be due to the extra compliance in the experimental setup. Also the ideal 
boundary conditions imposed in finite-element analyses do not normally 
demonstrate the exact response of an experimental setup. 
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Fig. 4.11 Validation results for the double-cantilever beam model 
4.5 Sensitivity analyses 
Several sensitivity analyses were performed to study the effect of mesh density and 
initial stiffness of the cohesive-zone law on the overall damage behaviour of UD 
CFRP laminates; they are presented below. 
4.5.1 Sensitivity to initial stiffness of cohesive law 
In order to achieve compatibility with the cohesive-zone model, it was suggested 
that the initial stiffness of the cohesive law should be infinitely high for a perfect 
link to be modelled across the interface of plies [160]. However, to implement the 
finite-element analysis, it is required that a finite value of initial stiffness is assigned 
to a cohesive element. If this value is not adequately high, the overall compliance of 
the laminate may be affected due to an inaccurate representation of the 
mechanical behaviour of the interface. However, disproportionately high values 
may cause numerical problems, increase run-time and affect the precision of 
calculations, causing errors. A potential location for delamination is in the resin-rich 
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region that is present between the plies and does have a physical stiffness. The 
latter can be introduced as the initial stiffness of the cohesive law. 
In order to analyse the sensitivity of the delamination analysis to the interface 
stiffness, the double-cantilever beam was simulated for various levels of this 
stiffness. The load-displacement response plots obtained from these simulations 
are presented in Fig. 4.12.  
 
Fig. 4.12 Sensitivity to initial stiffness 
All the analyses in this regard were performed with the same mesh size of 0.15 mm 
along the edge length. The variation of initial stiffness and its influence on the 
predicted failure load were investigated.  
The load–displacement response curves for higher values of interface stiffness show 
stable solutions. But values higher than 107 N/mm3 did not result in converged 
solutions and the simulation crashed. Lower values (e.g. 104 N/mm3), did not 
provide a stiff connection between two neighbouring layers resulting in unstable 
load–displacement curves (Fig. 4.12). Also the smaller values may induce large 
interpenetrations, which are not compatible with physical reality.  
0.0
15.0
30.0
45.0
60.0
75.0
90.0
0.0 1.0 2.0 3.0 4.0 5.0 6.0 7.0
L
o
a
d
 (
N
)
Displacement (mm)
K (N/mm3)
1e+04
1e+05
1e+06
1.6e+06
 
105 
As a result of the sensitivity analyses and also from the (equation 3.2 ), the value for 
initial stiffness of the traction-separation law used throughout this work was chosen 
to be 1.6 x 106 N/mm3 which gave smoothly running simulations, and convergence 
was also achieved fairly easily. 
The variation in calculated levels of the critical load due to the variation in the 
values of interface stiffness is presented in Table 4.2. 
Table 4.2 Critical load values for varying values of initial stiffness 
Initial Stiffness of Cohesive 
Law K  
(N/mm3) 
Critical Load, maxP   
(N) 
104 61.0 
105 64.25 
106 74.39 
1.6 x 106 83.8 
107 125.3 
4.5.2 Mesh-size sensitivity  
To highlight the mesh sensitivity of cohesive-zone problems, several numerical 
analyses were carried out with different mesh densities with element length varying 
from 0.5 mm (course) to 0.025 mm (fine). The calculated load-displacement graphs 
shown in Fig. 4.13 show the variations in the critical values of load and opening 
displacement for various mesh densities. 
These results demonstrate that an increase in the mesh density leads to decrease in 
the critical load and opening displacement. For the pre-critical portion of the plot, 
all the cases nearly converge to a line, but in the post-critical behaviour, due to the 
unstable crack growth, divergence was observed. In this work an element length of 
0.15 mm was chosen to provide a balance between computational cost and 
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accuracy. It should be noted that even the solution of 2D problems required the use 
of a high-performance multi-node computing cluster, with a large shared memory. 
A smaller element length would make analysis of 3D cases computationally 
prohibitive. 
 
Fig. 4.13 Effect of element length on load-displacement plots 
The effect of mesh density on the length of the fully-damaged zone and on the 
critical load is shown in Fig. 4.14. A trend apparent in Fig. 4.14 is that, the length of 
the fully-damaged zone increased as the mesh was refined. 
 
Fig. 4.14 Effect of element length on critical load and length of fully-damaged zone 
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In summary, two-dimensional finite-element simulations of delamination in a 
unidirectional double-cantilever beam were carried out to calculate the critical 
loads and strains at which delamination initiates in UD CFRP DCBs. Sensitivity 
studies with respect to mesh density and the initial stiffness of the cohesive law 
were undertaken. Based on these results, an element length of 0.15 mm was 
chosen for the subsequent study employing three-dimensional models as the use of 
finer meshes will make it computationally prohibitive to analyse such problems. A 
three-dimensional model is needed to obtain a comprehensive picture of 
propagation process of the delamination crack, which will have a potential path as a 
2D plane rather than as a line, as was the case with the two-dimensional model. 
4.6 Three-dimensional analysis of DCB 
As a next step in this study of delamination in UD CFRP laminates, three 
dimensional analyses of the problem were carried out in MSC Marc. The same 
geometrical and mechanical parameters were used as were employed in the 2D 
simulations, except for the element types used to mesh the model. The three-
dimensional model is shown in Fig. 4.15. 
 
Fig. 4.15 3D model of double-cantilever beam 
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The reason for undertaking 3D analyses is based on several features that cannot be 
visualized in the 2D models. These include; analysing the variation of damage in the 
width direction, the character of crack propagation and the shape of the 
delamination crack front. This will also be useful for our subsequent study based on 
stochastic models accounting for microstructural randomness exhibited by these 
laminates introduced by varying the fracture properties within the cohesive layer. 
A two-dimensional model was first developed and meshed the elements explained 
in Section 3.4.3. The element edge length used for meshing was 0.15 mm. 
Afterwards, by using the expand option; the two-dimensional model was 
transformed into a three-dimensional one. The number of elements along the 
specimen’s width was 10 (with an element length of 2 mm). The total number of 
elements for this model was 77,300 (including 6010 cohesive elements). The 
meshed model is shown in Fig. 4.16. A half of the DCB model, due to the symmetry 
condition, could have been analyzed for the deterministic (uniform) case. But as we 
have to introduce the material randomness in the model which will require a full 
model to be analyzed, this full-model will be helpful in the later simulations 
accounting the randomness. 
 
Fig. 4.16 Three-dimensional meshed model of DCB 
The deformed 3D model of the DCB is shown in Fig. 4.17. The fully-damaged zone is 
shown separately and also the curved crack front can be seen. The area between 
the fully-damaged and the undamaged elements is the fracture process zone whose 
length is shown by pzL . 
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Fig. 4.17 Deformed 3D DCB model with damaged elements (a) and cohesive 
elements layer with crack front (b) 
4.6.1 Comparison of load-displacement plots 
A comparison of results obtained in 2D and 3D simulations with the same mesh size 
of 0.15 mm along the longitudinal edge of the DCB is presented in Fig. 4.18.  
The critical load for the two-dimensional case was 83.8 N, while, that for the three-
dimensional case is 86.8 N; this is a difference of about 3% in the values obtained by 
the two analyses. This difference may be due to various reasons, including; the 
difference in formulation of the elements used for discretization of the model in 2D 
(element Type 11) and 3D (element Type 7) and the number of elements used in the 
width direction. 
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Fig. 4.18 Comparative load-displacement plot for 2D & 3D scenarios 
Further refinement of the mesh can be performed to accomplish more improved 
results but will considerably increase the solution time (a single analysis took 48 
hours of processor time with the present mesh). 
The values of strain at delamination initiation for both analyses are very close: 
0.37% in 3D as opposed to 0.36% for the two-dimensional case. 
4.6.2 Analysis of maximum principal strain 
The next step is the analysis of strain fields ahead of the crack tip. Fig. 4.19 presents 
the variation of maximum principal strain in the mid plane of the DCB specimen 
ahead of the crack tip for different values of crack length. For nearly all the cases, it 
can be observed that the maximum value of principal strain occurred within a 
distance of 1.25 mm ahead of the crack tip. Also it can be seen that with the 
increase in the crack length, the value of maximum strain ahead of the crack tip 
increased before reaching the maximum. These values varied between 0.45% and 
0.5 %. 
0
10
20
30
40
50
60
70
80
90
0 1 2 3 4 5 6 7
L
o
a
d
 (
N
)
Displacement (mm)
2D
3D
 
111 
 
Fig. 4.19 Variation of maximum principal strain ahead of the crack tip as a function 
of crack length 
4.6.3 Variation of damage and analysis of crack fronts 
In this part of analysis, shapes of crack fronts in the cohesive layer at various 
instances of displacement application were analyzed, and are shown in Fig. 4.20.  
 
Fig. 4.20 Shapes of crack fronts for a uniform model 
 
112 
The pattern shows that the cracks initiated from the mid-plane and propagated 
outwards towards the edges of the beam to acquire full width of the beam moving 
also in the axial direction. These fronts always remained symmetric about the 
centre-line of the width of the DCB specimen. 
Next, the analysis of variation of damage variable (D ) in the plane of the cohesive 
layer of elements across the width of DCB specimen was undertaken. The variations 
are plotted for varying displacement values, as shown in Fig. 4.21.  
 
Fig. 4.21 Variation of damage variable along specimen width 
The different curves show the damage variations at various values of prescribed 
displacement. The variations always remained symmetric about the centre-line of 
width of the DCB specimen, and exhibited a curved convex shape. 
All the aspects of the three-dimensional analysis investigated here confirm the need 
for such an analysis. These aspects cannot be visualized and analyzed with two-
dimensional simulations of the problem. These models will also be useful for our 
subsequent study based on stochastic finite-element models, having varying 
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fracture properties within the cohesive layer, using stochastic cohesive-zone 
elements. 
4.7 Conclusions and subsequent work 
In this chapter, the delamination failure analysis of CFRP unidirectional DCB 
specimens under mode-I loading was investigated. A cohesive-zone model was used 
to simulate the progress of fracture in a pre-cracked double cantilever beam 
specimen. The cohesive-zone modelling technique was found to be a powerful tool 
for analysis of damage and failure in these specimens. Both two- and three-
dimensional models were developed and analysed. Several simulations were carried 
out to underline the sensitivity of the analyses to varying mesh densities. An 
appreciable difference in the values of the critical load and corresponding crack 
opening displacement was found as a result of the varying mesh density. Coarser 
meshes tend to cause fluctuations in the load-displacement behaviour whereas fine 
ones require large computational capabilities, so an optimum magnitude should be 
chosen. 
Sensitivity of the analysis to initial stiffness of the cohesive law was also studied 
with the conclusion that low values may introduce interpenetration of continuum 
elements and also do not provide the desired stiff connection between two 
neighbouring layers resulting in unstable load–displacement curves. On the other 
hand, the very high values can result in ill-conditioning of the global stiffness matrix 
and cause numerical problems and computer precision-related errors. So an 
optimum value, high enough to avoid interpenetration and low enough to achieve 
an appropriate solution in terms of convergence needs to be chosen. 
Finally, in order to study the comprehensive behaviour of the specimen, including: 
crack paths, deformations in all directions, a three-dimensional analysis was 
presented and good agreement was found between the critical load values for the 
2D and 3D scenarios for the same mesh density and loading conditions. 
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Three-dimensional analysis is used in the work in the next chapter, which includes 
the use of random models (based on the introduction of material stochasticity 
within the cohesive layer), as opposed to those in this chapter where a uniform 
distribution of fracture properties within the cohesive layer was assumed.  This will 
be carried out with an aim to account for the microstructural randomness observed 
in laminates. 
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Chapter 5: Effect of material randomness on delamination in 
UD laminates 
5.1 Introduction 
In the preceding chapter, delamination in carbon fibre-reinforced laminates was 
investigated through finite-element simulations, in which uniform/deterministic 
fracture properties were assumed. However, in the real case, as has been observed 
experimentally, laminated composites exhibit a substantial extent of non-
homogeneity in the spatial distribution of fibres. The manufacturing process of 
fibre-reinforced laminates certainly leads to macroscopic heterogeneity of the 
resultant materials. As a result of this non-uniformity, variations in the local 
properties of these laminates have been observed, which, as a result affect the 
damage initiation and evolution processes. 
The next stage of this study is concerned with an account of this material 
randomness, which is responsible for non-uniform distributions of stresses in real 
composites even under macroscopically uniform external loading. The effect of this 
randomness on the delamination behaviour of unidirectional composites is 
analysed by means of the introduction of random fracture properties within the 
layer of cohesive elements in a DCB specimen. Two different methodologies are 
employed for this purpose. A value of half-scatter of 50% for fracture properties is 
selected to underline the effect of the material’s stochastic nature on the course of 
damage initiation and propagation. This scatter is selected based on the works of 
Baxevanakis [147] and Silberschmidt [153] where experimental results were 
presented for the spread of the values of Young's modulus. The application of 
scatter in finite-element analysis is achieved by defining spatially random levels of 
fracture properties in the cohesive-zone model. The two different methodologies 
adopted are explained below. 
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5.2 Research methodology 
Two different methodologies were employed to investigate the effect of material 
randomness on the delamination behaviour of a unidirectional CFRP double-
cantilever beam. 
In the first methodology, a half-scatter of 50% of the fracture properties (tripping 
traction and fracture energy) was introduced in the cohesive layer of elements. 
Three different levels of properties based on a constant probability density were 
designed. Two different scenarios were analyzed; one for the variation of tripping 
traction and, the other for fracture energy variation. The results obtained after 
simulating various realizations based on the variation of both the tripping traction 
and fracture energy were compared against the results for the uniform model. 
The second methodology used in this research was focussed on modelling the 
spread of properties, applied only to fracture energy variations. This was based on 
the influence of fracture energy variation obtained by the comparison of the results 
for tripping traction and fracture energy variations obtained in the first 
methodology. In this case, the two bounds of fracture energy, 
min
FG and 
max
FG  
within the range of ±50%, were taken and values between these two extremes (min 
and max) were generated using the random number generator. Subsequently, 
those random numbers were fitted to a two-parameter Weibull's distribution, and 
the random data were obtained based on the Weibull's probability distribution 
function. A number of statistical realizations were studied using this method where 
random numbers were generated with different seeds. This distribution has been 
used by other researchers to introduce spatially non-uniform data of fracture 
energy in non-linear fracture mechanics problems, one of them being the work by 
Yang and Frank [167]. 
The probability density functions employed in the two Methodologies are shown in 
Fig. 5.1. The simulations based on the implementation of these two methodologies 
are presented one by one. 
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As the name 'uniform model' is being used for the models, that are implemented 
using uniform fracture properties throughout the cohesive layer. For all the models, 
where simulations were based on variations of fracture parameters, the models will 
be referred to as 'random model'. 
 
Fig. 5.1 Two probability density functions used in simulations 
5.2.1 Constant probability density methodology 
This methodology involved investigation of two cases for the analysis of the effect 
of material randomness. In the first case simulations were undertaken based on the 
variation of the tripping traction of the cohesive law, while in the second case, the 
fracture energy variation was introduced and analyzed. Three sets of fracture 
properties for the cohesive law were introduced both for the tripping traction and 
fracture energy.  
One set was the same as used in the previous model with uniform material 
properties, presented in Table 5.1, to serve as a reference point. Two other sets 
corresponded to the values of 0.5 max  and 1.5 max for the tripping traction, and to 
the values of 0.5 FG  and 1.5 FG  for fracture energy. 
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Table 5.1 Cohesive law parameters for uniform model 
Parameter Value 
Fracture energy, FG  0.257 kJ/m
2 
Tripping traction, max  50 MPa 
Initial stiffness, K  1.6 x 106 N/mm3 
Critical displacement, c  2.19 x 10
-5 mm 
Maximum displacement, f  0.01 mm 
The way these values were assigned is shown in Fig. 5.2. Only three levels are 
shown in this figure. These levels were repeated in the model throughout the 
cohesive layer. The properties were assigned to elements in such a way that no two 
adjoining sections with different properties had a difference of more than 50%. The 
results of simulations were obtained in the form of load-displacement and damage 
plots.  
 
Fig. 5.2 (a) Cohesive layer and (b) three different levels with different fracture 
properties 
Now let us proceed to a more detailed description of these two cases and the 
obtained results for constant probability density methodology. 
Variation of tripping traction max  
In the first case, the variation in the tripping traction was implemented by keeping 
the fracture energy constant. This in effect changed the opening critical c( )  and 
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final f( ) displacements. The initial stiffness of the cohesive law within the 
cohesive layer was kept constant. The respective levels for variations of traction-
separation plots for cohesive-zone elements can be seen in Fig. 5.3. The cohesive 
layer between the continuum elements was divided into elements of length 0.15 
mm and the cohesive elements used had zero thickness. 
 
Fig. 5.3 Bilinear traction-separation law: (a) standard formulation; (b) bounds for 
tripping traction (random formulation) 
It can be seen in Fig. 5.3, that by varying the tripping traction and keeping the 
fracture energy constant, there is a change in the values of critical and maximum 
opening displacements. The change in the value of tripping traction from max to 
0.5 max results in an increase in the maximum opening displacement 
f( ) and a 
decrease in the critical opening displacement c( ) . Conversely, a +50% change in 
the level of tripping traction, i.e. from max to 1.5 max , results in a decrease in the 
maximum opening displacement f( ) and an increase in the critical opening 
displacement c( ) .  
Two different random realizations were simulated by introducing different 
combinations of the three levels of the tripping traction. A typical load-
displacement plot for these cases is shown is shown in Fig. 5.4; output from the 
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uniform model is also plotted for comparison. This plot demonstrates that there 
was not a significant difference in values of critical load for the random models 
(models with varying tripping traction) when compared to the value obtained from 
uniform model. However, the values of the displacement corresponding to the 
critical load when compared to the respective value for the uniform model were 
some 5% lower. 
 
Fig. 5.4 Load-displacement diagram for DCB with varying traction  
If magnified portions of all the three realizations (one uniform and two random) are 
plotted, it can be seen that the plot for the case with uniform properties 
assumption is smooth. Fluctuations in the load-displacement plot, both in the pre- 
and post-critical parts were observed for the random models. These behaviours can 
be seen in Fig. 5.5. The fluctuations in random models arise from differences in the 
fracture properties in the cohesive layer. As the DCB specimen is opening, the 
prescribed displacement is resisted or supported by the values of fracture 
parameters of the neighbouring cohesive elements. A stronger section of the 
cohesive layer after a weaker section will provide increased resistance to the 
applied displacement, hence, causing an increase in the load. This is evident from 
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Fig. 5.5 where the force after starting to decrease from the damage initiation 
demonstrates non-monotonous behaviour. 
 
Fig. 5.5 Magnified load-displacement diagram for DCB with varying tripping traction 
To further highlight the effect of spatial non-uniformity on the damage of CFRP 
laminates, the same three sets of properties obtained with different values of the 
tripping traction were used but switching their positions with regard to each other. 
Different possible combinations were simulated, with the half-scatter of 50% 
already employed. This time, instead of analyzing the variation in force by plotting a 
force-displacement diagram, damage was plotted along the length of the cohesive-
zone. This demonstrated the damage variation due to spatial non-uniformity in the 
cohesive law parameters. The variation in damage variable along the cohesive layer 
of elements for the uniform model and two different random realizations 
incorporating variation in the tripping traction are shown in Fig. 5.6. 
Analysis of uniform model, shown in Fig. 5.6 (a), predicted an increase in the 
damage from 0 (undamaged) to 1 (fully-damaged). The random models, on the 
other hand, predicted both increasing and decreasing values of damage variable 
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within each of the models, as shown in Fig. 5.6 (b) and (c). Both these plots 
demonstrate different variations in the values of damage ahead of the crack tip, 
resulting from variations in properties that were introduced into the model. 
 
Fig. 5.6 Variation in damage along the cohesive layer for uniform model (a) and for 
two different combinations of random property sets (b) and (c) 
The weakest and strongest elements can be identified from these plots by the 
extent of damage (as fully-damaged and undamaged). Some areas show damage 
that is in the transition from undamaged to damaged zone. Isolated zones of fully-
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damaged material can be seen ahead of the main crack. These zones are known as 
secondary delamination zones as indicated in Fig. 5.6. They are often visible in 
standard x-ray radiographs of delamination in real laminates. 
Variation of fracture energy FG  
In this section, analyses are presented for the simulations that were carried out to 
highlight the effect of varying fracture energy, 
FG . A transition from a standard 
formulation to a stochastic one changes the bi-linear traction-separation curve in 
the cohesive-zone model as shown in Fig. 5.7.  
 
Fig. 5.7 Bilinear traction-separation law: (a) standard formulation; (b) bounds for 
fracture energy (random formulation) 
The fracture energy scatter was introduced with a view to investigate the effect of 
varying the fracture energy (mode-I fracture energy in this case) on damage 
initiation and propagation. It can be seen from the figure that for the same values of 
the opening displacements, by changing the value of fracture energy from FG  to 0.5
FG , the initial stiffness of the cohesive law, and the tripping traction decrease (Fig. 
5.7). Varying fracture energy from FG  to 1.5 FG  leads to the increase in the values 
of both the tripping traction and initial stiffness keeping the values of both the 
displacements constant. 
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A number of realizations were simulated by introducing different combinations of 
the three generated levels of fracture energy. A typical load-displacement plot for 
these cases is shown in Fig. 5.8; data for the case with uniform properties is also 
plotted for comparison.  
 
Fig. 5.8 Comparative load-displacement plot for DCB with uniform and random 
properties 
While for the case of variability in the tripping traction the difference in the critical 
load was not significant, in this case, there was a considerable effect due to 
variation in the fracture energy. The critical load for these random models varied 
between a minimum of 74 N and a maximum value of 86 N; the value obtained 
from the uniform model was 83 N. 
The variation in the fracture energy input to the model and the subsequent 
variation of damage within the cohesive layer are shown in Fig. 5.9. The value of 
damage variable can be easily seen increasing and decreasing within the cohesive 
layer with the variation of fracture energy. In weak areas, i.e. the areas having a low 
value of fracture energy experienced higher levels of damage, and strong areas i.e. 
the areas having a high value of fracture energy, depicted low levels of damage. 
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Fig. 5.9 Variation in fracture energy and resulting damage along the cohesive layer  
The work so far introduced random fracture properties (tripping traction or fracture 
energy) using three different sets of fracture properties to study the effects of non-
uniformity of fracture parameters on damage and critical load and corresponding 
displacements. The load-displacement plots in Fig. 5.5 and Fig. 5.8 show the results 
for applying a half-scatter of properties of 50% in the tripping traction and fracture 
energy, respectively. It was noticed that this level of half-scatter in the tripping 
traction did not affect, significantly, the critical load in the case of variation of 
tripping traction, although there is a difference in the values of displacement 
corresponding to the critical load. While introducing the same level of scatter in the 
fracture energy, an appreciable difference in the value of critical load and critical 
displacement was observed. Based on these results, only the effect of variation in 
fracture energy on the damage of laminates will be considered in further work. 
These results call for the treatment of the problem in a more sophisticated way so 
another method was developed, as presented in the following section. From this 
point on, all the models accounting for the material randomness in this work are 
based on the spatial variation of fracture energy based on this method. 
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5.2.2 Weibull’s probability density methodology 
In this methodology, the fracture energy in elements along the cohesive layer was 
introduced based on a two-parameter Weibull’s distribution. This was achieved at 
first by representing the fracture energy of cohesive elements by a distribution with 
a constant probability density for the same scatter width [
min
FG ,
max
FG ] as in 
Methodology 1; so a set of magnitudes between the two extreme values (0.5 FG  
and 1.5 FG ) was produced using the random number generator. Those random 
numbers were transformed to comply with the Weibull’s distribution, and a set of 
random energy magnitudes was obtained based on that distribution (shown in Fig. 
5.1). The two-parameter Weibull probability density function for a random variable  
FG  is given by 
 
1
F F
F( ) exp ;
     
          
G G
P G
 

  
 (5.1) 
where 0   is the shape parameter and 0   is the scale parameter of the 
distribution. The corresponding cumulative distribution function is given by the 
exponential function 
 
F
F( ) 1 exp .
  
       
G
C G


 (5.2) 
The number of data points N  in the set was equal to the number of nodes in the 
cohesive layer of the finite-element model, to which it were assigned. The same 
average magnitude of the fracture energy given by  
 
F F1
1
,
N
ii
G G
N 
   (5.3) 
equal to the one for the uniform model(i.e.  FG = 0.257 kJ/m
2), was used in each 
statistical realisation in both Methodologies 1 and 2. The small deviations arising 
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from this magnitude due to the discretization of the Weibull’s distribution function 
were removed by the renormalization based on FG .
 
The data for fracture energy generated from the two-parameter Weibull’s 
distribution shown in Fig. 5.10 presents the variation in the fracture energy along 
the cohesive-zone length. The horizontal line marks the value of fracture energy 
F ,G used in the uniform model. This data was generated using the softwares MS 
excel and Easyfitexcl. 
 
Fig. 5.10 Variation in fracture energy along cohesive-zone length (=19.4  and 
=0.42 
In order to study the effect of randomness in material properties on the critical 
load, the corresponding critical displacement and delamination crack length, a 
series of simulations was carried out based on several statistical realisations for the 
Weibull’s distribution with the same parameters. Different sets of random numbers 
were generated for various seeds and then transformed to comply with the two-
parameter Weibull’s probability distribution. 
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The obtained results for levels of critical load and critical opening displacement and 
maximum crack length show a significant spread; both higher and lower values 
were obtained compared to the uniform distribution model as shown in Fig. 5.11, 
where the scatter of critical loads and the corresponding critical displacements, are 
presented.  
 
 
Fig. 5.11 Spread of (a) critical load and (b) critical displacement for 10 statistical 
realizations compared to uniform model (dashed line) (Displacement = 4 mm) 
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From these results, it can be concluded that the account of the material 
randomness in a model can result in either an increase or a decrease in the load-
bearing capacity. 
The scatter plot of delamination crack length is shown in Fig. 5.12, for various 
statistical realizations. The crack lengths vary between 1.5 mm (minimum) and 3.3 
mm (maximum). These values show a substantial difference when compared to the 
uniform model, where the crack length found was around 2.4 mm (shown by a 
dotted line). 
 
Fig. 5.12 Delamination crack length for various statistical realizations (Displacement 
= 4 mm) 
Strain in the loading direction, i.e. 22 , is the parameter that was analyzed next. This 
value was taken ahead of the crack tip, as shown in Fig. 5.13, where the DCB model 
and the enlarged part of the specimen ahead of crack tip are shown with the strain 
contours. 
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Fig. 5.13 Location for value of strain ( 22 ) at delamination crack initiation, (a) 
deformed DCB model; (b) zoomed area ahead of crack tip 
Table 5.2 Strain values for delamination initiation 
Model studied 
Strain at crack 
initiation (%) 
Uniform 0.32 
Random 01 0.42 
Random 02 0.4 
Random 03 0.34 
Random 04 0.41 
Random 05 0.27 
Random 06 0.49 
Random 07 0.32 
Random 08 0.5 
Random 09 0.4 
Random 10 0.31 
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The instance for this value of strain ( 22 ) was at delamination crack initiation, which 
is the value at which first cohesive element completely failed due to damage. The 
values obtained from various statistical realizations, are given in Table 5.2. These 
values also demonstrated a substantial scatter ranging from a minimum value of 
0.27% to a maximum value of 0.5%. 
In summary, it can be seen from the studies that variation in the fracture properties 
undertaken to analyze the effect of material randomness has a potentially 
significant effect on the predictions of the performance of CFRP laminates. These 
results provide a firm basis for explaining the idea that the material randomness 
observed in laminates needs to be accounted for in real-world applications. In 
addition, these results emphasize the need for a more detailed analysis based on 
three-dimensional simulations. In the two-dimensional analysis, the variation of 
fracture parameters within the cohesive layer is only one-dimensional, i.e., only 
along the length of the double-cantilever beam. To have a more complete picture of 
the effect of material randomness on the specimen under study, a three-
dimensional analysis is necessary to investigate the effect of two-dimensional 
variations in the microstructure are in the plane of delamination. One of the earlier 
studies also supported this point of view, stating that fibres are aligned in their 
longitudinal direction in most unidirectional laminates but if we look at the 
transverse cross-sections the arrangements of these fibres in the matrix are usually 
found to be random [142]. This necessitates the analyses of three-dimensional 
models, as presented in the following section. These models will also help to 
analyse the shape of crack fronts, track the delamination crack paths, analyse the 
variation in damage within the cohesive layer in the plane of delamination, in 
addition to the critical loads and delamination crack lengths that were obtained in 
the two-dimensional models. Various statistical realizations will be undertaken, and 
output statistics of these parameters will be presented. 
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5.3 Three dimensional analyses 
To obtain greater insight into the effect of material randomness on delamination in 
CFRP laminates, full three- dimensional analyses of the problem were carried out in 
MSC Marc. The same parameters were used as were employed in the 2D 
simulations, except for the element types for meshing the model. The three-
dimensional model, with the boundary conditions, is shown in Fig. 5.14. 
 
Fig. 5.14 3D model of double-cantilever beam with boundary conditions 
The element used for meshing the continuum material was a 3D element, Type 7 
available in the MSC Marc element library. For the cohesive layer discretization, 
element Type 188 was used. The number of elements along the width of the 
specimen was 20 (element size of 1 mm). The total number of elements for this 
model was 77,300 (including 6010 cohesive elements). The microstructural 
randomness in the form of scatter of fracture energy was introduced within the 
cohesive layer based on a 2-parameter Weibull’s distribution, as in the 
Methodology 2 of the two-dimensional analyses. A number of statistical realizations 
was carried out to deduce various conclusions based on a comparison with the 
uniform distribution case. All the analyses were terminated after a prescribed 
displacement value of 4 mm, as this provided a significant part of the post-critical 
behavior. 
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5.3.1 Analysis of results 
Analysis of the results was based on comparison of a number of different 
parameters obtained in the numerical simulations. These included: 
o Strain ahead of crack tip at delamination initiation; 
o Stresses; 
o Shape of crack fronts; 
o Crack lengths; 
o Damaged area and its variation across the width of the DCB; 
o Critical loads and displacements 
Detailed analyses of the output statistics for all these parameters are presented in 
the form of probability density functions (PDFs) and cumulative distribution 
functions (CDFs). These functions give a complete description of the probability 
distribution of these parameters. The probability density function describes the 
relative probability of a random variable to occur at a given point, in the area 
focused for the observation. The cumulative distribution function (CDF) completely 
describes the probability distribution of a real-valued random variable. 
These analyses are carried out one by one in the following parts of the chapter. 
Analysis of strain at delamination initiation 
The value of strain ( 22 ) at delamination initiation is defined by complete failure of 
the first element in the cohesive layer, as mentioned for the two-dimensional 
analysis. This value was taken ahead of the crack tip, as shown earlier in Fig. 5.13. 
The output statistics of this parameter are shown in the probability plot in Fig. 5.15. 
The plot demonstrates that the values of strain at delamination initiation vary 
between 0.35% and 0.45%. Majority of the values are concentrated in the upper 
half of these bounds (i.e. between 0.4% and 0.45%). 
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Fig. 5.15 Probability density plot for strain ( 22 ) at delamination initiation 
The probability density function for the strain at delamination initiation is shown in 
Fig. 5.16 (a). The value obtained from the uniform model (0.37) and the mean (0.41) 
of the data obtained from the random statistical realizations are also indicated on 
the figure. A shift of mean can be observed. 
 
Fig. 5.16 Probability density function (PDF) (a) and cumulative distribution function 
(CDF) (b) for strain level at delamination initiation (=19.4  and =0.42) 
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The skewness, that gives the measurement of lack of symmetry of a distribution, is 
analyzed next. It can be seen that it is negatively-skewed (skewed left), as there are 
relatively less low values, concentrating the mass of the distribution to the right. 
The cumulative distribution function (CDF) for the strain at delamination initiation is 
shown in Fig. 5.16 (b). This function shows that around 10% of the values obtained 
from the random statistical realizations were less when compared to that obtained 
for the uniform model. For the remaining 90% of the output data, the delamination 
crack always initiated at a higher value of strain when compared to the uniform 
model. 
The descriptive statistics of the distribution for strain are presented in Table 5.3, 
where percentile ranks are also shown. A percentile depicts the value of a variable 
below which a certain percent of the values of the parameter under study  fall. 
Table 5.3 Descriptive statistics for strain at delamination initiation 
Percentile Min 10% 25% (Q1) 50% (Median) 75% (Q3) 90% Max 
Value 0.35 0.384 0.39 0.42 0.43 0.44 0.44 
 
Analysis of stresses 
The critical stress component in the case of DCB is the stress along the direction of 
application of displacement i.e. 22 . In order to highlight the effect of material 
randomness on the stress ( 22 ), the contour plot of stress 22 is shown in Fig. 5.17 
for one of the random statistical realizations. The stresses ahead of the crack front 
can be closely observed in the magnified plot in Fig. 5.17 (b), showing non-
symmetric patterns about centre-line of DCB, as opposed to those observed in the 
uniform properties model. 
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Fig. 5.17 Contour plot of stress 22 for a random model (a) and area magnified 
ahead of crack front (b) ( 22 0.004  ) 
Contour plots of stress 22 for the uniform model for strains ranging from 0.4% to 
0.6% are shown in Fig. 5.18. The areas of maximum stress can be noticed and the 
crack propagates following these areas. 
 
Fig. 5.18 Plots of stress 22 for different values of applied strain ( 22 = 0.4% to 
0.6%) – uniform model 
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Investigation of these plots, keeping in mind the direction of delamination 
propagation, the potential areas for crack propagation can be readily identified 
from the stress concentration contours, as shown by ☼ symbol on Fig. 5.18. 
Contour plots of stress, 22 , for the one of the random realizations are shown in 
Fig. 5.19. As before with the uniform model, the potential areas for crack 
propagation in the random model can be readily identified from the stress 
concentration contours (shown by ☼ symbol on Fig. 5.19). 
 
Fig. 5.19 Plots of stress 22 for different values of applied strain ( 22 = 0.4% to 
0.6%) - random model 
Analysis of crack fronts 
The crack fronts were analysed in Section 4.6.3 for a model without the account of 
microstructural randomness. Here the crack fronts from random models are 
analyzed and discussed. A contour plot of damage at a certain amount of prescribed 
displacement is shown in Fig. 5.20, for one of the random cases studied. Only the 
layer of cohesive elements is shown. 
The non-symmetric nature of the crack front and the propagating process zone is 
clearly visible, and can be contrasted with the symmetric behaviour seen in the 
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uniform model in Section 4.6.3. Also, fast and comparably slow propagations of 
delamination ahead of the crack front can be seen in Fig. 5.20. 
 
Fig. 5.20 Delamination crack propagation in random model ( 22 = 0.004) 
Plan views of some of the crack fronts obtained from various statistical realizations 
are shown in Fig. 5.21. One of these cases is of a symmetric crack, shown in Fig. 5.21 
(b). During the course of crack propagation, it was observed that the crack fronts 
changed between symmetric and non-symmetric shapes with regard to the centre 
line. After every four to five non-symmetric propagations, the crack became 
symmetric and then again showed non-symmetric behaviour afterwards. 
This transition between symmetric and non-symmetric configurations can also be 
observed in the 2D plot of propagation of delamination with increasing 
displacement in Fig. 5.22 for one of the random realizations. 
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Fig. 5.21 Delamination propagation for various statistical realizations ( 22 = 0.004) 
 
Fig. 5.22 Evolution of crack front shape for one statistical realization 
Analysis of crack lengths 
In this part of the analysis of the 3D FE simulations of delamination, the crack 
lengths, the instances of their initiation and their maximum values were examined. 
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Three different crack length parameters namely minimum (Min), mean (Mean) and 
maximum (Max) crack length were introduced. These are defined in Fig. 5.23. 
 
Fig. 5.23 Different crack lengths analysed 
A number of different statistical realizations to study the effect of a scatter of 
fracture energy, based on Weibull’s two-parameter probability distribution were 
carried out.  The results only from some of the statistical realizations are presented 
here to have a clear plot that is not over-packed to understand the trends. Based on 
these, the variations of minimum, mean and maximum crack lengths as a function 
of displacement are presented in Fig. 5.24, Fig. 5.25 and Fig. 5.26, respectively. 
A number of observations can be inferred from these plots. It can be seen in Fig. 
5.24 that the crack initiation occurred at a higher level of applied displacement for 
the uniform model, as compared with half of the random realizations, while for the 
other half this value was lower. Also the crack growth for random models 
accelerated after a certain point. Initially, as can be noticed from Fig. 5.24, up to a 
displacement of 2.2 mm, a slower crack growth was observed for random models 
compared to that for the uniform model. The instantaneous crack lengths for the 
random models, thus, were lower than the uniform case. After 2.2 mm of applied 
displacement, a faster crack growth was experienced by the random models 
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compared to uniform model, and as the graph shows, higher values of crack length 
were observed compared to the uniform model. Another aspect that can be 
inferred is that the crack development for uniform as well as for random models 
showed a stepped propagation pattern. 
 
Fig. 5.24 Min crack length as a function of applied displacement 
Contrary to the propagation of Min crack front, the values of applied displacement 
for the initiation of Mean crack, for all the random models were lower than that for 
the uniform model, as shown in Fig. 5.25. Also a linear propagation of delamination 
crack can be seen for the uniform case up to an applied displacement of 2.7 mm, 
after which, a stepped behaviour was observed, as in the Min front propagation. 
Similar to the propagation of Min crack front, the Mean crack front also depicted 
stepped propagation for all the random models. Compared to the uniform model, 
the crack growth for the Mean front case was faster initially, becoming slower in 
the middle, and again showing a faster growth at higher values of displacement. 
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Fig. 5.25 Mean crack length as a function of applied displacement 
 
Fig. 5.26 Max crack length as a function of applied displacement 
For the Max front (Fig. 5.26), the same stepped behaviour of crack propagation as 
that for Min and Mean crack fronts, was observed for the random models, while the 
uniform model here showed a linear propagation for the initial portion (up to a 
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displacement value of 2.1 mm) while the later half showed stepped one. Also the 
displacement values for the initiation of Max front for all the random models were 
lower than that for the uniform model. 
Another aspect looked into was the value of crack length for the three defined 
types of crack fronts (Min, Mean and Max) for a certain displacement. It was 
noticed in Fig. 5.24, Fig. 5.25 and Fig. 5.26 that at some instances of displacement, 
the value of crack length was higher compared to the uniform model, while it was 
lower at some other instances. For higher values of displacement, the value of crack 
length was always found to be higher than the uniform model. This value was found 
to be 18-20% higher than that for the uniform model. When comparing only the 
random realizations, the scatter within those was around 20-25% for the crack 
lengths. 
Statistical analyses of the values of crack length for the same level of applied 
displacement (4 mm) were analyzed for various random statistical realizations. The 
values taken were for the Min length shown in Fig. 5.23, i.e. the row of elements 
that occupied the full width of the specimen. The probability distribution function 
based on the two-parameter Weibull’s probability distribution function for the 
crack length values is presented in Fig. 5.27 (a).  
  
Fig. 5.27 Probability density function (a) and cumulative distribution function (b) for 
“Min” crack length in a DCB (=21.8 and =13.6) 
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This function is negatively-skewed as the mean (13.4) and median (13.1) lie on the 
left of the mode. The mass of the distribution is concentrated towards the right, 
which raises concerns, as higher percentage of the values of crack length lies in this 
area far away from the value obtained for uniform model. The cumulative 
distribution function (CDF) is shown in Fig. 5.27 (b). 
The descriptive statistics of the distribution are presented in Table 5.4. 
Table 5.4 Descriptive statistics for PDF for “Min” crack length  
Percentile Min 10% 25% (Q1) 50% (Median) 75% (Q3) 90% Max 
Value 11.9 12.5 13.1 13.1 13.8 14.4 15 
 
Analysis of damage area and its variation across width of DCB 
In this section, the damage induced in the DCB specimen is analyzed for various 
random statistical realizations and a comparison is made with the uniform 
(deterministic) case. Also presented is the variation of damage across the width of 
the specimen. 
To study the variation in damage with displacement, the damage was quantified as 
the area of failed cohesive elements. The variation in the damaged area (normalized 
by its maximum magnitude obtained from one of the random models), as a function 
of normalized load is plotted in graph of Fig. 5.28. The initiation point of each curve 
corresponds to the critical point, i.e. the moment when the specimen sustained the 
maximum load on the load-displacement plot. So these curves depict the unstable 
phase of delamination crack propagation with the decreasing load accompanying an 
increase in the prescribed displacement. The variations in a number of different 
parameters, such as the damaged area corresponding to the critical point and the 
maximum damaged area are readily noticeable in this plot. 
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Fig. 5.28 Load as a function of damage propagation 
Comparing the uniform model case with the random models, it was observed that 
the uniform model showed a higher load-bearing capacity than all the random 
realizations. Quantitatively, that value was about 12% higher than the lowest value 
of critical load in one of the random models. A maximum spread of 20% was 
obtained when comparing the values for the maximum damaged area for the 
uniform model with various statistical realizations. A comparative analysis of only 
random realizations returned a maximum scatter of around 7% in the maximum 
value of the damaged area for the same value of prescribed displacement. A 
maximum scatter of 10% in the values of critical load was observed. 
Next the variation of damage across the width of the DCB was analysed, as shown in 
Fig. 5.29.  
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Fig. 5.29 Variation of damage across DCB width (Applied displacement = 2.5 mm) 
It can be observed from the figure that the damage variation path for the uniform 
case (solid line) is a smooth concave curve symmetric about the beam’s centre-line 
of width while the dashed lines represent damage variations for some of the 
random cases (statistical realizations). In the uniform case, damage initiated from 
the middle of the width and then propagated towards the edges. A non-smooth 
fluctuating behaviour was obtained with the random models due to the scatter of 
the fracture properties within the cohesive layer. These variations were also non-
symmetric about the centre-line. Some regions of the cohesive layer, due to a lower 
value of fracture energy, experienced a fast growth of damage compared to others, 
with an increase in prescribed displacement, as can be seen in Fig. 5.29. 
Analysis of critical loads and displacements 
From the comparison of the uniform model case and the random models in the 
previous section, we saw that the uniform model showed a higher load-bearing 
capacity than all the random realizations. The output statistics for the critical loads 
and displacements will be presented in this section for the various random 
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statistical realizations analyzed. The probability plot for the critical load is shown in 
Fig. 5.30. The plot demonstrates that the values of critical load vary between 73 N 
and 78.5 N.  
  
Fig. 5.30 Probability density plot for critical load 
The probability density function for the values of critical load obtained from the 
analysis of various statistical realizations is shown in Fig. 5.31. The value obtained 
from the uniform model (83.6 N) and the median of the PDF are indicated on this 
figure. The introduction of stochasticity (in terms of variation of fracture energy 
according to Weibull's probability density function) in the uniform model 
demonstrated the effect of shifting the median (50th percentile) downward (lower 
value compared to uniform model). 
In the probability density function for random statistical realizations, the 
distribution function is negatively-skewed (skewed left), depicting a sharply 
declining tail to the left. This tail end of this distribution function presents values 
that pose a concern, as these values show the maximum difference compared to 
the uniform model. 
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Fig. 5.31 Probability density function for critical load in a DCB (=67.7 and   =76.3) 
The cumulative distribution function (CDF) for the strain is shown in Fig. 5.32. 
 
Fig. 5.32 Cumulative distribution function for critical load in a DCB 
The descriptive statistics of the distribution are presented in Table 5.5. 
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Table 5.5 Descriptive statistics for critical load for various statistical realizations 
Percentile Min 10% 25% (Q1) 50% (Median) 75% (Q3) 90% Max 
Value 73 74.1 74.7 75.7 76.7 77.7 78.2 
The output statistics for the displacement corresponding to the critical load are 
plotted in Fig. 5.33.The similar behaviour was obtained for the critical displacement, 
as obtained for the critical load, only difference being that about 5% of the values 
obtained for random models were higher than the value for the uniform model. 
 
Fig. 5.33 Probability density function (a) and cumulative distribution function (b) for 
critical displacement in a DCB (=31.9,  =2.54) 
The descriptive statistics of the distribution for output data of critical displacements 
is given in Table 5.6. 
Table 5.6 Descriptive statistics for critical displacement 
Percentile Min 10% 25% (Q1) 50% (Median) 75% (Q3) 90% Max 
Value 2.4 2.4 2.44 2.5 2.59 2.63 2.8 
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5.4 Conclusions 
The underlying objective of this study was to model the delamination failure in CFRP 
laminated composites in order to highlight the effect of microstructural 
randomness. A two-dimensional model for a standard DCB specimen was analysed 
initially with the use of cohesive-zone elements to present the delamination plane. 
The obtained data for forces and corresponding displacements demonstrated a 
difference in the results of the two types of models. One of the models was based 
on the assumption of uniform microstructure, in which the material properties were 
constant along the entire cohesive layer. The other model was simulated by directly 
incorporating the effect of material randomness in which a variation/scatter of 
cohesive properties (fracture energy and tripping traction) was introduced with 
employing two different Methodologies, but the same bounds of the scatter 
applied. The two-dimensional analyses depicted load-carrying capacities for random 
realizations both higher and lower compared to that in the uniform model. Similar 
pattern of lower and higher values of strain at delamination initiation compared to 
that for the uniform model was also observed. This may be due to the presence of 
either a weak (having lower fracture energy) or a strong (having higher fracture 
energy) element, ahead of the crack tip. 
More detailed analyses were performed based on three-dimensional models and a 
number of statistical realizations based on a half-scatter of 50% of fracture energy 
were presented. More importantly, in contrast to the two-dimensional analyses, the 
results here showed lower load-bearing capacities for all of the random models 
than that for the uniform model. Also, the damaged area and the crack lengths 
were analyzed; the results also showed higher values of those parameters for 
random realizations compared to the uniform case for the same value of applied 
displacement. 
The initiation points for delamination cracks also exhibited a considerable 
uncertainty; delamination initiated form edges of the specimen and approached the 
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centre-line (across width) in a uniform model while for random statistical 
realizations various initiation locations/scenarios were observed. The stress, stress 
22 , also showed random variations ahead of the crack front. 
Overall implications of the account of material randomness thus emphasize the 
need to consider it by applying the spatial non-uniformity of properties exhibited by 
the CFRP laminates, while addressing damage scenarios and obtaining load-carrying 
capacities. Also three-dimensional models need to be employed since in two-
dimensional models the variations in fracture properties can be introduced for a 
single dimension, and subsequently, only few aspects and parameters can be 
analyzed. 
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Chapter 6: Effect of material randomness on initiation and 
propagation of delamination in cross-ply laminates 
6.1 Introduction 
Failure in laminated composite structures is often linked to different damage 
mechanisms in local zones. Emergence of particular damage mechanisms depends 
upon the type of loading, the lay-up and stacking sequence of the laminate. Two 
main damage mechanisms in laminates, matrix cracking and inter-ply delamination, 
are closely linked together [168]. The damage and failure mechanisms in these 
materials are essentially linked with non-homogeneity and randomness at the 
microstructural level. 
The initiation and evolution of delamination in CFRP cross-ply laminates under 
quasi-static tensile loading is presented in this chapter. It is well-known that, under 
the application of uniaxial loading, the early stage of damage in cross-ply laminates 
is dominated by matrix cracking in 90o plies. Matrix cracks develop in the transverse 
direction and extend across the laminate from the free edges of the test specimen. 
Transverse cracks induce local stress concentration at crack tips, which can initiate 
significant interlaminar delamination between 0o and 90o plies, due to the nature of 
cross-ply laminates [10]. Delamination between plies is one of the most common 
types of damage because of the relatively low interlaminar strengths of such 
laminates. The nature of the delamination process is complex, presupposing the use 
of advanced FE modelling techniques for its analysis. Simulations based on the 
failure mechanisms should have the capability of predicting the initiation, size and 
propagation of delamination. 
In the first part of this chapter, the analysis of existing cracks in the CFRP cross-ply 
laminate specimens under bending load is presented. The finite-element analysis of 
ensembles, comprising similar numbers of matrix cracks with adjacent delamination 
zones along interfaces between 0° and 90° layers of cross-ply laminates, is 
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implemented for various types of spacing between neighbouring transversal cracks. 
The effects of various crack spacings on the effective moduli and damage in the 
beams are studied. 
The second part is focussed on the analysis of interaction between matrix cracking 
and delamination failure mechanisms in CFRP cross-ply laminates [0/902]s under 
quasi-static tensile loading. The initiation and growth of delamination from the tips 
of matrix cracks are investigated. This is achieved by employing the cohesive-zone 
modelling approach, with the constitutive behaviour of cohesive elements being 
governed by the traction-displacement relationship. Cohesive-zone elements are 
introduced into CFRP cross-ply specimens and analyses carried out using finite-
element simulations. Furthermore, the issue of microstructural randomness and its 
effect on damage in such laminates is extensively analyzed. 
6.2 2D analysis of cross-ply laminate beam subjected to bending 
Standard approaches and schemes, exploiting equal spacing between neighbouring 
cracks or using representative volume elements, cannot be used to analyse the 
effect of microstructural randomness in laminates. So, this part of the work 
presents the analysis of ensembles, comprising similar numbers of matrix cracks 
with adjacent delamination zones along interfaces between 0° and 90° layers of 
cross-ply laminates, for various types of spacing, minimum, maximum, average and 
random, between neighbouring transversal cracks. The respective magnitudes for 
spacings were taken from experimental data [151] for the CFRP [0/902]s cross-ply 
laminates shown in Fig. 6.1. 
 
Fig. 6.1 Cross-ply [0/902]s laminate  
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All six plies of the laminate had a thickness of 0.125 mm and the Young’s moduli 
were 11 132.4E  GPa and 33 9.0E   GPa. Firstly, by analyzing an undamaged 
laminate beam, the equivalent modulus was calculated by applying a certain value 
of displacement. The obtained value was 18.930 E  GPa. In order to analyze the 
effect of material randomness, four specimens of the laminate with different cases 
of matrix cracking, subjected to the same loading conditions, were simulated using 
FE modelling. Three cases represented uniform distributions of transverse cracks 
with various spacing magnitudes while the fourth case had random crack spacings 
introduced. The number of matrix cracks introduced in all simulations was 6, and 
the loading case studied was a cantilever beam loaded at one end as shown in Fig. 
6.1. As a result of the simulations, effective flexural moduli of the laminate were 
obtained and compared. All the analyses were carried out in MSC Marc software 
using the same mesh density. The large strain option was switched on to 
incorporate properly large deflections. Spacings for all the four case are 
summarized below and are shown schematically in Fig. 6.2. 
Case 1, Minimum crack spacing of 0.4 mm; 
Case 2, Average crack spacing of 0.8 mm; 
Case 3, Maximum crack spacing of 1.6 mm and 
Case 4, Random crack spacing, 0.6 mm, 0.5 mm, 0.8 mm, 1.1 mm, 1.5 mm, 0.4 mm. 
The first study was only with the matrix cracks introduced and no delamination 
zones. The cracks were created using the matching boundaries option available in 
MSC Marc. This technique effectively splits the mesh at desired locations and works 
by splitting a continuous finite-element mesh in two disjunctive parts and 
connecting corresponding nodes on opposite sides of the split. This process 
disengages elements from their neighbours by duplicating nodes and changing 
element connectivities. The new boundaries on opposite sides of the split, which 
are created in this process, are stored pair-wise in a so-called matching relation. 
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This relation establishes a one-to-one correspondence between the nodes on 
opposite sides of the split [163].  
 
Fig. 6.2 Four beams modelled with different crack spacings: (a) Minimum spacing; 
(b) Average spacing; (c) Maximum spacing; (d) Random spacing. 
After studying the cases without delamination, all of the above mentioned cases 
were studied with different delamination sizes varying from 0.05 mm to a maximum 
of 0.35 mm. This is illustrated in Fig. 6.3, where dl  is the delamination zone length. 
Delaminations were introduced into the FE models using the same splitting method, 
as detailed above for the introduction of matrix cracks. 
 
Fig. 6.3 Delamination zones between 0o and 90o layers 
Meshed model for the specimen under study is shown in Fig. 6.4. 
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Fig. 6.4 2D meshed model of cross-ply laminate specimen 
The variations in maximum deflections for point ‘A’ (Fig. 6.1) of the laminate beam 
without delamination zones and with various delamination sizes are presented in 
Table 6.1. 
Without the delamination zones introduced, the case with maximum crack spacing 
showed the lowest displacement for point ‘A’ as shown in Table 6.1, while the 
highest displacement was obtained in the case with the minimum crack spacing. 
The other two cases had displacements within these two extremes. 
Table 6.1 Displacements in laminate beams 
Delamination 
size (mm) 
Displacement (mm) 
 Minimum 
spacing 
Average 
Spacing 
Maximum 
spacing 
Random 
spacing  
0 0.103409 0.103137 0.102869 0.103161 
0.05 0.103581 0.103273 0.102984 0.103302 
0.1 0.104144 0.103886 0.103335 0.103728 
0.15 0.10504 0.104194 0.103803 0.104322 
0.2 0.106496 0.104824 0.104362 0.105285 
0.25 0.109455 0.105794 0.105174 0.106312 
0.3 0.115626 0.106699 0.105942 0.107645 
0.35 0.130752 0.107521 0.106637 0.109066 
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The differences due to these various crack spacings can be seen in Fig. 6.5, which 
shows the relationship between delamination zone size and displacement 
(normalized) values. As expected, the values of displacements increased with an 
increase in the delamination zone size. This variation in displacement was more or 
less linear for different crack spacings up to the point where the delamination zone 
had a size of 0.2 mm. After that point the displacement values for Case 1 (the 
minimum crack spacing) increased drastically. This indicated possible interactions 
between the neighbouring delamination zones generated by the associated matrix 
cracks. Having a spacing of 0.4 mm between the neighbouring cracks, the minimum 
crack spacing case will definitely have high interactions, and hence displacement for 
a delamination zone of 0.35 mm as is evident from the graph. 
 
Fig. 6.5 Effect of delamination size on displacement in bending for beams with 
different crack spacings 
The equivalent Young’s modulus for all these cases can be obtained from these 
deflections using the relation 
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3
max
,
3
Pl
E
Iu
   (6.1) 
where 
I is the second moment of the transversal cross-sectional area of the beam;  
l  is length of the beam; 
P   is the applied load and 
maxu is the  maximum displacement. 
This variation in the equivalent modulus, normalized by the effective modulus value 
of 18.930 E  GPa, is plotted on a graph in Fig. 6.6. The minimum crack spacing 
case, among all the cases, showed the highest decrease in the Young's modulus. 
This was followed by the random spacing case, and then the remaining two cases, 
both of which experienced nearly the same decrease. 
 
Fig. 6.6 Delamination size vs. equivalent Young’s modulus 
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The effect can be further highlighted by calculating the value of damage variable for 
these cases with different sizes of delamination zones. This was done by using the 
relation 
 f
o
1 ,
E
D
E
   (6.2) 
where 
oE  is value of the Young’s modulus for undamaged beam, 93.18 GPa; 
fE  is value of the Young’s modulus for damaged beam; 
D  is the damage variable. 
The percentage decrease in the stiffness, which represents the loss of elasticity 
modulus due to damage, i.e. 100,D  for all the beams, with different crack 
spacings and different delamination zones are shown in Table 6.2.  
Table 6.2 Percentage decrease in stiffness of the beams for all four cases 
Delamination 
size (mm) 
Percentage decrease in stiffness 
 Minimum 
spacing 
Average 
Spacing 
Maximum 
spacing 
Random 
spacing  
0 1.62 1.36 1.10 1.38 
0.05 1.78 1.49 1.22 1.52 
0.1 2.32 2.07 1.55 1.92 
0.15 3.15 2.36 1.99 2.48 
0.2 4.47 2.95 2.52 3.37 
0.25 7.06 3.84 3.27 4.31 
0.3 12.02 4.65 3.97 5.49 
0.35 22.19 5.38 4.60 6.72 
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As can be noticed the case with minimum cracking spacing resulted in the maximum 
loss of stiffness, 22.19%, with the next highest value being 6.72% for the case with 
random crack spacing. So there was a large loss of stiffness for the case with 
minimum crack spacing as compared to the other three cases that depicted more or 
less comparable amounts of damage. 
Concluding this section, it can be stated that the results obtained from treatment of 
carbon fibre-reinforced cross-ply laminates as random materials at the 
microstructural level show that this randomness must be adequately considered.  
The obtained results for flexural stiffnesses of laminates with different types of 
spacing vividly demonstrate the necessity to account for material’s randomness. 
High values of reduction in stiffness can lead to catastrophic failures of structures. It 
is important to note that uniform/deterministic distributions can result in the 
prediction of incorrect load-carrying capabilities, as is obvious from comparison of 
results for various sets of cracks, as presented in Table 6.2. 
In this section, frozen zones of delamination were introduced and analyzed. Next 
section is based on the analysis of propagation of delamination, and the effect of 
material randomness on delamination failure mechanism. 
6.3 Three-dimensional simulation of delamination propagation 
Matrix cracking and delamination, being the major and most common damage 
mechanisms in CFRP laminates, interact with each other and can cause early or 
premature failures of laminates. Matrix cracks are responsible for delamination 
initiation, and such mechanism can be modelled and simulated using cohesive-zone 
elements. Finite-element simulations were carried out in this section in order to 
model this mechanism in CFRP composites to evaluate its effect on the overall 
behaviour of laminates subjected to tensile loading. 
The problem definition and complete description of the formulation follow. 
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6.3.1 Problem formulation 
A three-dimensional finite-element model for [0/902]s CFRP cross-ply laminate 
incorporating anisotropic material properties of the laminate was developed with 
the use of the finite-element software MSC Marc. The lay-up and the boundary 
conditions for its axial cross-section are shown in Fig. 6.7 with a matrix crack 
introduced within the 90o layers. The properties of the material are in Table 6.3. 
Table 6.3 Material properties 
11E  
GPa 
22 33E E  
GPa 
12G  
GPa 
23G  
GPa 
31G  
GPa 
12ν  23ν  31ν  
122.7 10.1 5.5 3.7 4.94 0.25 0.45 0.021 
The potential path for the delamination growth in cross-ply laminates is the resin-
rich area between the 0° and 90° layers and was represented by cohesive elements 
to analyze the initiation and development of delamination damage. Generally, due 
to the symmetry of cross-ply laminates, in 3D finite-element simulations only one 
octant of the specimen can be modelled in order to reduce the problem size and, 
subsequently, the analysis time. But in cases with random distributions of cohesive-
zone elements, a full specimen should be modelled due to the symmetry break. In 
the present project, due to the computational limitations, a half of the specimen 
length was simulated. This also helped to run effectively a number of statistical 
realizations. The overall dimensions of the model are: length = 30 mm, width = 2.4 
mm, and thickness (height) = 0.75 mm (six plies of 0.125 mm thickness each).  
 
Fig. 6.7 Cross-ply laminate [0/902]s under tension 
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Simulations with displacement-controlled loading were carried out with 
displacement applied by ramping it using the table option in MSC Marc. 
6.3.2 Meshing and element formulation 
The elements used for meshing the CFRP plies were the Type 7 3D elements 
available in the MSC Marc element library. This is an eight-node, iso-parametric, 
arbitrary hexahedral element. The cohesive elements used to represent the 
potential delamination path between differently oriented plies were of Type 188, 
which is a mechanical eight node three-dimensional interface element. The total 
number of elements of Type 7 after meshing was 116,000 while that of Type 188 
was 11,600, making simulations rather challenging. A desktop computer for the 
solution was inefficient so a high performance computing cluster, a parallel 
computing facility based on a 160-node 64-bit Itanium cluster, consisting of 20 
computing nodes, each having four dual-core 6 Itanium 1.6 GHz CPUs and 16 GB of 
main memory, was employed. Even for such a facility, a single run took some 8-10 
hours of only the computation time. 
Initially, the standard (non-stochastic) formulation of the cohesive-zone approach 
was employed to simulate the initiation of delamination from matrix cracks.  
Subsequent analyses were performed with models that accounted for 
microstructural randomness exhibited by these laminates by employing random 
fracture properties within the layer of cohesive elements, used to model damage in 
laminates. 
6.4 Analysis and results 
6.4.1 Analysis with propagating matrix crack 
In this initial part, simulations are presented, where instead of existing (“frozen”) 
matrix cracks and delamination zones, as in the preceding section, propagation 
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paths for the matrix crack and delamination were introduced using cohesive 
elements, as shown in Fig. 6.8.  
 
Fig. 6.8 Three-dimensional model for propagating matrix crack 
The idea for this initial part of simulations was to investigate the way the matrix 
cracks and delamination zones initiate and propagate. Displacement-controlled 
analyses were performed, with the parameters and boundary conditions outlined in 
Section 6.3. The fracture properties were uniform throughout the cohesive 
elements. 
Cross-sections of the specimen showing the cohesive element layer in 90o plies (2-3 
plane in Fig. 6.8), with the propagating matrix crack are shown in Fig. 6.9. The 
contours show the values of damage. It can be seen that damage initiated from the 
mid-plane of the 90o layers at the specimen’s edges and then propagated on both 
sides towards the 0o/90o interfaces. After reaching the interface, delamination was 
triggered. 
The objective of this part of the project is mainly to simulate and analyze the course 
of delamination initiation and propagation, so focus will be on that from here on. 
Hence, a model with a pre-existing matrix crack instead of a propagating one is used 
for increased computational efficiency. 
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Fig. 6.9 Damage contours for propagating matrix crack (90o layers) 
6.4.2 Analysis with pre-existing (“frozen”) matrix crack 
This section describes the results from three-dimensional simulations of 
delamination initiation and propagation from the tips of a matrix crack in a cross-ply 
laminate under tension. Both uniform and random models are presented in the 
following sections. 
Uniform model 
This part of the work contains the results of simulations based on models with 
uniform cohesive-zone elements, in which there were no variations introduced for 
fracture energy throughout the layer of cohesive elements. This case corresponds 
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to the standard (non-stochastic) formulation of the cohesive-zone approach used by 
previous researchers. 
On application of displacement to the model, the splitting from the tip of the crack 
started at a low level of axial strain (0.005%), indicating notch sensitivity of such 
laminates under tensile loading. This progressed to a delamination between the 0o 
and 90o layers with its shape, as shown in Fig. 6.10, where a close-up of the area 
having the initial notch and subsequently developing damage is shown. Initial 
delamination propagation is linked to damage growth in the areas adjoining the 
notch of the matrix crack and, subsequently, both fronts of the delamination zone. 
 
Fig. 6.10 Damage initiation in  1 4 10 / 90 / 0  laminate under tension: (a) general 
model; (b) close up ( g 0.009  ) 
The contour plot in Fig. 6.11, presenting the layer of cohesive elements inserted 
between the 0o and 90o layer, demonstrates the damage process. In Fig. 6.11 (a) it 
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can be seen that interlaminar damage initiated from the edges of the specimen in 
the width direction, showing the edge effects, and then propagated towards the 
centre of the specimen. Subsequent propagation is shown in Fig. 6.11 (b), where 
damage grew away from the initial notch in the both directions along the length of 
the specimen, with the front having a convex shape, with the near-edge areas 
growing faster (damaged zone area measured from the initial crack  is more at the 
edges compared to the that in the middle). 
 
Fig. 6.11 Damage initiation from initial crack (a) and its propagation in 0°/90° 
interface (b) 
Next, the stresses in the laminate were analyzed, where the through-thickness 
distributions of axial stresses away from the mid-plane in the 90o layers of the 
specimen were plotted. The locations where these stresses were taken are shown 
in Fig. 6.12, such as at the crack face, and up to a distance of 1 mm from the crack 
face in the axial direction. 
 
Fig. 6.12 90o layers with locations for through-thickness stresses 
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These stresses are plotted in Fig. 6.13 for an applied (global) axial strain g  
of 
1%.These stresses vanish at the crack faces and increase when moving away from 
the mid-plane in the thickness direction. 
 
Fig. 6.13 Through-thickness variations of axial stresses away from mid-plane in the 
90o layers for various distances from initial crack ( g 0.01  ) 
The variations through thickness of these stresses tended to reduce while moving 
away from the initial crack, and also an increase in the level of maximum stress was 
observed. The variation in the through-thickness value of the axial stress nearly 
vanished when the distance away from the initial crack exceeded 0.8 mm. 
The character of interlaminar stresses is demonstrated in Fig. 6.14.  The variation in 
the normal stress, 22 , at the interface between 0
o and 90o layers for global axial 
strain of 1% is presented in Fig. 6.14 (a). At the crack tip the stress achieved the 
maximum, from where it reduced and entered into a compressive zone. At a 
distance of about 0.25 mm from the crack, the stress became tensile again. At a 
distance of around 0.9 mm from the crack, the stress reached a plateau. 
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The distribution of interlaminar shear stress 13  is shown in Fig. 6.14 (b). A peak 
near the crack tip was followed by a sign change at a distance of around 0.6 mm 
from crack face. At distances more than 1 mm from the crack face, the shear stress 
had a low level. Similar patterns of stresses in cross-ply laminates were reported by 
Herakovich [169]. 
 
 
Fig. 6.14 Stresses at o o0 / 90 interface for g 0.01  : (a) normal stress 22  ; (b) 
interlaminar shear stress 13  
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The interlaminar stresses that arise from the presence of a matrix crack 
(represented by the existing crack in our study) and the stress concentrations 
between differently oriented 0o and 90o plies, thus initiated the delamination 
process. 
The delamination crack propagated between those layers, and, subsequently, the 
parts of the 90o layer started to split apart, with an apparent gap between the faces 
of the initial matrix crack, as shown in Fig. 6.15. 
 
Fig. 6.15 90o layers splitting apart ( g 1.15%  ) 
The propagation of delamination with the global axial strain is shown on the plot in 
Fig. 6.16. 
 
Fig. 6.16 Delamination crack propagation with increasing global strain 
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The delamination crack initiated at a value of global strain of 1.1%. The values of 
crack length taken were from the cohesive layer of elements as shown in 
representative form in Fig. 6.17, i.e. the row of deleted (fully-damaged) elements 
that occupied the full width of the specimen. The greyed area shows the fully-
delaminated zone. 
 
Fig. 6.17 Demonstration of crack length measured in all simulations 
The results presented in this section were based on the treatment of the cross-ply 
laminate as a microstructurally uniform material. The following section includes an 
account for the material randomness exhibited by CFRP laminates and the 
comparison of the obtained results with those for the uniform model. 
Random models – use of stochastic cohesive-zone elements 
The material’s randomness at microstructural level of CFRP laminates was 
introduced in terms of non-uniformity of fracture energy using stochastic cohesive- 
zone elements. Full randomness was introduced, which meant that the cohesive 
elements had different fracture energy values in the upper and lower cohesive 
layers. This was implemented by selecting a value of half scatter of 50% for fracture 
energy, F ,G  to highlight the effect of the material’s stochastic nature on damage 
initiation and propagation. The fracture energy variation in the elements along the 
cohesive layer was introduced based on a two-parameter Weibull’s distribution. It 
was achieved by first by representing the fracture energy of cohesive elements by a 
distribution with a constant probability density for the specified scatter width [
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min
FG to 
max
FG ], so a set of magnitudes between the two extreme values (0.5 FG  
and 1.5 FG ) was produced using the random number generator. These random 
numbers were then transformed to comply with the Weibull’s distribution, and a 
set of random energy magnitudes was obtained, based on that distribution. The 
equations for two-parameter Weibull probability density function, cumulative 
distribution function for a random variable, F ,G , average magnitude of the fracture 
energy, were given in Section 5.2.2. 
A number of statistical realisations of the distribution of fracture properties were 
simulated for the random fracture properties (fracture energy) based on the 
Weibull’s probability distribution. The results obtained in terms of the normalized 
crack length as a function of applied axial strain are shown in Fig. 6.18. These crack 
length values are based on the value of minimum axial separation throughout the 
specimen’s width, i.e. the row of deleted (fully-damaged) elements that occupied 
the full width of the specimen, as shown in representative form in Fig. 6.17, 
previously. 
The crack propagation behaviour in random models - when compared to the one 
obtained from a uniform model - always showed higher values of the crack length, 
as defined in Fig. 6.17, for the same value of global axial strain. The lower bound 
was some 5%, and higher bound 43% higher than the uniform model. For random 
statistical realizations, the scatter bounds for maximum crack lengths (for
g 1.23%  ) were around 40% apart. Also the moments of crack initiation depicted 
a significant scatter in the value of global axial strain, as shown in Fig. 6.18. This can 
be naturally explained. The moment of initiation is linked to the presence of weak 
(i.e. with low FG ) or strong (i.e. with high FG ) elements near the initial matrix crack. 
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Fig. 6.18 Variation in crack length with global axial strain for different statistical 
realisations 
The output statistics for the values of crack length at different magnitudes of 
applied strain are presented in the probability plots in Fig. 6.19. For the presented 
plots, it can be seen that the spread between the bounds of maximum and 
minimum values of crack length varies; variations between 15% and 35% can be 
observed. However, the scatter of 15% was observed at lower values of global 
strain, up to 1.14%, while for higher values of strain, 1.17% to 1.23%, the scatter 
was around 35%. 
A comparison of the values from random statistical realizations with those obtained 
for the uniform model, showed that values of the maximum crack length 
corresponding to all strain magnitudes were higher than those obtained for the 
uniform model. The difference in the value of crack length for a strain of 1.2% 
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attained 40% higher in comparison to the uniform model; the same difference was 
observed for a strain magnitude of 1.23% (also observed in Fig. 6.18). 
 
Fig. 6.19 Probability distributions for crack length at various values of global axial 
strain, g  
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Table 6.4 Crack lengths for different levels of global strain for uniform model 
Global strain (%) 1.08 1.11 1.14 1.17 1.2 1.23 
Crack length 0 0.1 0.7 1.4 2.1 2.9 
 
At values of 1.14% and higher for the global axial strain, the output statistics for the 
crack lengths can be approximated by Weibull’s two-parameter probability density 
function. 
 
Fig. 6.20 Probability distribution function for crack length for various realizations,
g 1.14%   (=3.87,  =1.402) 
For a value 1.14% of global axial, the PDF is shown in Fig. 6.20, with the solid line 
shown on the plot, is for the crack length value obtained for the uniform model. The 
probability density function depicted a function that is positively-skewed (skewed 
right. A comparison of the random models with the uniform model showed a 
shifting of the mean, and all the values obtained from random models were higher 
than that obtained for the uniform model. The distribution function shows a swiftly 
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declining tail on the right where the highest values of crack length lie, depicting the 
maximum spread when compared to the uniform model. The descriptive statistics 
for this distribution are presented in Table 6.5. 
Table 6.5 Percentiles for crack length 
Percentile Min 10% 25% (Q1) 50% (Median) 75% (Q3) 90% Max 
Value 0.75 0.85 0.96 1.17 1.61 1.85 2.25 
 
The cumulative distribution function for the crack length values is shown in Fig. 
6.21. 
 
Fig. 6.21 Cumulative distribution function for crack lengths ( g 1.14%  ) 
Variation of damage across the specimen’s width  
As a next step in the post-processing of results, the variation of damage across the 
specimen’s width was analysed. The damage variation path for the uniform case 
depicted a smooth concave shape. All random cases showed non-smooth 
fluctuating behaviour due to the scatter of the fracture properties within the 
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cohesive layer. Some regions of the cohesive layer, due to a lower value of fracture 
energy, experienced a faster growth of damage, with an increase in the applied 
global strain, compared to others. 
Another aspect looked into was the location of delamination initiation. For the 
uniform model, the delamination initiated at the edges and propagated towards the 
centre of the specimen in the width direction. 
 
Fig. 6.22 Delamination initiation at different locations of specimen’s width for 
various statistical realizations with respective levels of g  
For the random realizations, the delamination crack (shown in black in Fig. 6.22) 
was found to initiate at random locations along the initial matrix cracks’ notch in 
the cohesive layer due to the introduced stochasticity of fracture energy. This 
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delamination initiation process in laminates composite materials is a result of 
competing factors, the main being the stress concentrations at the interface at the 
laminate’s edges and the presence of weak (resin-rich) areas at the interface. So, in 
some cases delamination can start away from the edges; such behaviour was 
reported by Subramanian et al [170] presenting experimental results for cross-ply 
laminate specimens, where multiple locations of delamination were observed in 
different specimens. 
Its propagation was also found to be random as can be seen in Fig. 6.22 (a-f). The 
strain magnitudes in this figure correspond to the first instance of the onset of 
delamination. Different realizations show various types of behaviour of 
delamination cracks: even for the same values of global strain, different crack 
patterns were observed (b, d and f). In one of the random cases (Fig. 6.22 (e)), the 
delamination crack initiated at a comparatively high value of global strain and the 
crack propagated throughout the entire specimen’s width. 
The results obtained in this chapter, based on the analyses of cracks lengths, 
damage variations within the cohesive layer and shapes of the crack fronts, 
emphasize the need to account for the material’s randomness in analysing CFRP 
laminates as this can have a profound effect on the failure scenario. 
6.5 Conclusions 
The damage and failure mechanisms of composites and their interaction were 
investigated in this chapter by analysing the effect of microstructural randomness 
on the initiation and development of delamination. It was seen that the 
microstructural non-uniformity plays an important part in the onset and 
propagation of damage and fracture processes that are also spatially non-uniform. 
In the initial part of the chapter, the analysis of existing cracks in the CFRP cross-ply 
laminate specimens under bending load was presented for a two-dimensional 
formulation. The finite-element analysis of ensembles, comprising similar numbers 
of matrix cracks with adjacent delamination zones along interfaces between 0° and 
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90° layers of cross-ply laminates showed a considerable difference in the values of 
in stiffness for cases with different crack spacings. The results suggested, that the 
assumption of a uniform distribution of defects can lead to unreliable predictions of 
the structural response, as high values of reduction in stiffness can lead to 
catastrophic failures of structures. 
Simulations were then presented, where propagation paths for the matrix crack and 
delamination were introduced using cohesive elements. The idea was to show the 
way the matrix cracks and delamination zones initiate and propagate. It was seen 
that damage initiated from the mid-plane of 90o layers, at the specimen’s edges, 
and then propagated on both sides towards the 0o/90o interfaces. After reaching 
the interface, delamination was triggered. 
Next, the initiation and growth of delamination from the tips of a "frozen" matrix 
crack in CFRP cross-ply [0/902]s laminates under quasi-static tensile loading was 
investigated, employing the cohesive-zone modelling approach. A uniform model 
analysis was first performed and then the issue of microstructural randomness and 
its effect on damage in such laminates was extensively analyzed. A computational 
method was developed to simulate delamination crack initiation and propagation in 
CFRP cross-ply laminates by introducing the fracture energy as a spatially random 
variable based on the Weibull’s two-parameter probability distribution. A number 
of random statistical realizations based on that distribution were simulated 
numerically, and subsequent analysis of the values of delamination crack lengths, 
the initiation moments of delamination and the corresponding strains was 
presented. It can be concluded that by neglecting the inherent material randomness 
of CFRP laminates, the initiation conditions for delamination, as well as the 
character of its propagation, cannot be properly studied. The delamination crack 
length value for all the simulated random statistical realizations predicted a higher 
value compared to the uniform (deterministic) case for the same value of applied 
strain. Furthermore, the deterministic approach always predicted a delamination 
initiation from the edges and propagation towards the centre of specimen’s width 
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while the effect of randomness resulted in various initiation scenarios. Another 
aspect, emphasizing importance of accounting for microstructural randomness, was 
the scatter in the magnitudes of global strain at the instance of initiation and 
subsequent propagation of delamination. 
  
 
180 
Chapter 7: Conclusions and future work 
This research project has made a useful contribution to the detection and analysis 
of delamination in CFRP laminated composites, especially in modelling the effect of 
material randomness on delamination in such laminates using stochastic cohesive-
zone elements. The objectives outlined in Chapter 1 in order to accomplish the aim 
of this project were all achieved. A concise review of the available literature related 
to the damage in CFRP laminated composites was presented that served as a good 
foundation for this research. Many parts of the work presented have been 
published in peer-reviewed scientific literature, as listed on page XX. A summary of 
the obtained results and their implications is first presented. The conclusions from 
the research and suggestions for future work are presented in the following 
sections. 
7.1 UD double-cantilever beam specimen 
Delamination initiation and propagation in a double-cantilever beam (DCB) 
specimen up of a unidirectional CFRP laminate was investigated.  A finite-element 
cohesive-zone model (CZM) based on a bi-linear traction-separation law was used 
to simulate the course of delamination in a pre-cracked DCB specimen loaded under 
mode-I conditions.  
7.1.1 Two-dimensional analyses 
In the first instance, a two-dimensional analysis of the problem, with uniform 
material’s fracture properties was carried out and then validated using available 
experimental results. Sensitivity of the analysis to initial stiffness of the cohesive law 
was also studied, and it was suggested that its optimum value, high enough to avoid 
interpenetration and low enough to achieve an appropriate solution in terms of 
convergence, needs to be chosen. Mesh sensitivity of the model was also 
investigated, based on which, an optimum mesh size was chosen, which was 
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representative of the delamination process, while being computationally viable for 
three-dimensional simulations. 
At the next stage, random models, based on introduction of scatter for parameters 
of the traction-separation law, such as the tripping traction and fracture energy, 
were investigated to highlight the effect of material’s randomness on the 
delamination process in CFRP unidirectional laminates. Based on those analyses, a 
decision was made to investigate the effect of variation in fracture energy further, 
since the scatter in that parameter resulted in pronounced effects. In comparison, 
the effects of varying tripping traction were less significant. 
A number of statistical realizations for a half-scatter of 50% of fracture energy 
based on the Weibull’s two-parameter probability distribution function were 
analyzed. A comparison of critical loads from those simulations showed load-
carrying capacities for random realizations both higher and lower than that in the 
uniform model. Quantitatively, 60% of the realizations demonstrated a value of 
critical load that was higher than that obtained with the uniform model. The 
remaining realizations showed lower values of the critical load compared to the 
uniform model. The highest value obtained from the random statistical realizations 
was some 22% higher, while the lower bound was around 18% lower, than that for 
the uniform model. Similar trends were observed for the values of crack length for 
the same magnitude of applied displacement, where the lower bound for random 
realizations was 14% less, while the upper bound was 23% higher than that for the 
uniform model.  
Concluding this part of the work, the levels of scatter in the output parameters 
emphasized the need to analyze the problem in a more detailed manner, by 
employing three-dimensional models. These models helped to investigate the effect 
of two-dimensional variations in the microstructure in the plane of delamination, in 
contrast to two-dimensional models, where the variations in fracture properties can 
only be introduced for a single dimension (along the interface). One of the earlier 
studies also supported that point of view, stating that for fibres aligned along the 
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longitudinal direction in their arrangements in the matrix, the transverse cross-
sections are found to be random, in most unidirectional laminates [142].  
7.1.2 Three-dimensional analyses 
Three-dimensional models were developed to simulate and analyze a more 
complete picture of the delamination crack propagation in a DCB model, for both 
the uniform and random cases. The output parameters, such as strain at damage 
initiation, the shape of crack fronts, crack lengths, the damaged area and its 
variation across DCB width, were investigated for random models and compared 
with respective parameters, obtained for the uniform model. 
In contrast to the two-dimensional analyses, the results here showed lower load-
bearing capacities for all the simulated random models, based on the scatter of 
fracture energy, when compared to the uniform model. Quantitatively, the lower 
bound obtained in the random models, was about 12% lower than the value of 
critical load for the uniform model. The upper bound obtained for random 
statistical realizations was some 6% lower than that for the uniform model.  
Also the damaged area and the crack lengths showed higher values of those 
parameters for random realizations compared to the uniform case for the same 
value of applied displacement. For the same value of applied lateral displacement (4 
mm), the upper bound value for damaged area was found to be 20% higher than 
that for the uniform model. A comparative analysis of only random realizations 
returned a maximum scatter of around 7% in the maximum value of the damaged 
area for the same value of the prescribed displacement. 
The initiation points for delamination cracks also exhibited a considerable variation. 
After initiation from the edges of the specimen, delamination zones approached the 
centre-line (across width) in a uniform model while for statistical realizations 
various initiation scenarios were observed. 
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The output statistics of the parameters discussed above were also presented. In 
two-dimensional models, the average values of the investigated parameters for 
different statistical realizations were found to be nearly the same as that for the 
uniform model. But in three-dimensional models, a shift of the distribution’s mean 
was observed, compared to the uniform model. 
As a conclusion to this section, it can be said that the microstructural randomness 
needs to be accounted for reliable predictions of damage in CFRP laminates. Also, 
the results suggested that reducing analysis to a two-dimensional formulation 
without proper three-dimensional simulations should be avoided, when analyses 
are aimed at studying the effect of material randomness on delamination in 
laminated composites.  
7.2 Cross-ply laminate specimen 
7.2.1 Two-dimensional analyses 
The initiation and evolution of delamination in CFRP cross-ply laminates under 
quasi-static tensile loading was investigated. The finite-element analysis of existing 
cracks in the CFRP cross-ply laminate specimens under bending load was presented 
for a two-dimensional formulation, at the first instance. The analysis of ensembles, 
comprising similar numbers of matrix cracks with adjacent delamination zones 
along interfaces between 0° and 90° layers of cross-ply laminates, was implemented 
for various types of spacing between neighbouring transversal cracks. The effects of 
various crack spacings on the effective moduli and damage in the beams were 
studied. The upper and lower bounds for the loss of stiffness for the studied cases 
were 22% (minimum crack spacing) and 4.6% (maximum crack spacing), 
respectively, compared to the undamaged beam.  
To conclude, the considerable difference in the values of in stiffness obtained for 
cases with different crack spacings suggested, that the assumption of a uniform 
distribution of defects can lead to unreliable predictions of the structural response, 
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as high values of reduction in stiffness can lead to catastrophic failures of 
structures. These results called for a more detailed analysis of delamination in 
cross-ply laminates. 
7.2.2 Three-dimensional analyses 
In the initial part of the investigation based on three-dimensional models, 
simulations were presented by introducing propagation paths for the matrix crack 
and delamination using cohesive elements. The idea was to show the way the 
matrix cracks and delamination zones initiate and propagate. It was found that the 
matrix crack initiated from the mid-plane of 90o layers at the specimen’s edges and 
then propagated on both sides towards the 0o/90o interfaces. After reaching the 
interface, delamination was triggered. 
In the next part of the investigation, the initiation and growth of delamination from 
the tips of a pre-existing ("frozen") matrix crack in a [0/902]s CFRP cross-ply laminate 
under quasi-static tensile loading was investigated employing the cohesive-zone 
modelling approach. A uniform model analysis was performed in the first place, and 
then the issue of microstructural randomness and its effect on delamination was 
extensively analyzed in such laminates. 
A number of random statistical realizations with the variation of fracture energy 
based on a two-parameter Weibull's probability distribution function were 
simulated. Subsequent output analysis included the values of delamination crack 
lengths, the initiation moments of delamination and the corresponding strains. The 
obtained magnitudes of delamination crack length for all the simulated random 
statistical realizations were higher than that for the uniform (deterministic) case, for 
the same value of applied strain. A maximum spread of 35% was obtained, when 
comparing the upper bound for the crack length value from the random statistical 
realizations, with that for the uniform model. At lower values of applied strain, 
however, the value of crack length in random statistical realizations was 15% higher 
than the uniform model. This behaviour depicted a shifting of the mean on the 
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probability distribution function, when compared to the value obtained employing 
the uniform model. Furthermore, the deterministic approach predicted a 
delamination initiation from the edges and propagation towards the centre of 
specimen’s width, while the effect of randomness resulted in various initiation 
locations. Another aspect, emphasizing importance of the account for 
microstructural randomness, was the scatter in the magnitudes of global strain at 
the instance of initiation and subsequent propagation of delamination. 
7.3 Summary  
A summary of conclusions from this PhD project, already explained in this chapter, 
is presented below: 
 The cohesive-zone modelling technique was found to be a powerful tool 
for the analysis of delamination in CFRP laminated composite specimens. 
 An optimum value for initial stiffness of the traction-separation law, high 
enough to avoid interpenetration and low enough to achieve an 
appropriate solution in terms of convergence, needs to be chosen. 
 Two-dimensional finite-element analysis can be employed for the analysis 
of uniform models and also for subsequent model validation. 
 Two-dimensional random DCB models when compared to the 
uniform/deterministic model depicted both higher and lower load-
bearing capacities. 
 To properly study and analyze the effect of material’s randomness in 
laminates, three-dimensional models must be employed for introducing 
the randomness/stochasticity, as only one-dimensional variations in 
fracture properties, can be introduced in two-dimensional problems.  
 In three-dimensional simulations, the load-bearing capacities for the 
random DCB models were always lower than that for the uniform model, 
depicting a shift of mean compared to the uniform model. 
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 The predicted delamination crack lengths were higher for all the random 
statistical realizations when compared to the value for uniform model for 
both the unidirectional DCB and cross-ply laminate specimens. 
 When compared to the uniform model, a significant scatter in the values 
of strain at delamination initiation was observed for various statistical 
realizations for both specimen types. Also, in the uniform model, the 
delamination initiated from the edges of the specimen and then 
propagated towards middle of the specimen in the specimen's width 
direction. In the random models, the initiation locations for delamination 
depicted various scenarios. 
All these conclusions highlight that by neglecting the inherent material randomness 
of CFRP laminates, the character of delamination initiation as well as its propagation 
cannot be properly studied. Thus, the account of material randomness needs to be 
considered by applying the spatial non-uniformity of properties exhibited by the 
CFRP laminates, while addressing various damage scenarios.  
7.4 Suggestions for future work 
 Though the experimental determination of microstructural scatter affecting 
the local fracture properties is not an easy task to accomplish, still, there are 
new developments, such as application of X-ray micro CT, and scanning 
electron microscopy (SEM), that can potentially be helpful, for such 
characterization of a heterogeneous material. Experiments with such 
techniques can provide the data to be used for numerical simulations. Non-
destructive visualization of damage zones with micro CT can also provide an 
additional opportunity to compare the results obtained from the numerical 
simulations in this work. 
 Within the time available for this research, the maximum possible number 
of statistical realizations was analyzed with the finite-element method, since 
even with the use of high-performance clusters, each case needed at least 
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48 hours (for DCB specimen) and 8 hours (for cross-ply specimen) to 
accomplish. More random statistical realizations may better elucidate the 
output trends. Also a more detailed analysis of the output statistics for 
various parameters may reveal additional features of the shift of mean for 
random realizations compared to the uniform ones. 
 In cases with random distributions of cohesive-zone elements, a full 
specimen should be modelled due to the symmetry break. In the present 
work, however, a half of the specimen length for the cross-ply laminate was 
simulated to run time-effectively a number of statistical realizations. Still, 
analysis of the full model without any symmetry conditions applied can give 
a higher confidence level in the obtained results. 
 The expansion in computational facilities is an area that potentially can 
allow in the future, a higher mesh refinement, as well as reduction in the 
computational times. This expansion can be achieved with upgraded high 
power computing facilities or other options can be explored and utilized, 
such as using the national computational grid.  
 At present, the deterministic analyses are being employed for design and 
analysis purposes of CFRP laminates. Based on all the results obtained in this 
project, and after implementing the suggestions regarding mesh refinement 
and obtaining more statistical data, the current deterministic analysis and 
design procedures should be evaluated against probabilistic methods. 
 The investigations presented in this thesis are only for specimens subjected 
to quasi-static loading conditions. Further investigation of the effect of 
material randomness in the performance of CFRPs under different loading 
scenarios, such as fatigue, impact, may be of interest. 
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